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ELECTROMAGNETIC WAVE PROPAGATION IN A COLD,

COLLISIONLESS ATOMIC HYDROGEN PLASMA
by Richard R. Woollett

Lewis Research Center

SUMMARY

The characteristics of electromagnetic wave propagation in a cold, colli-
sionless plasma immersed in a steady, uniform magnetic field are presented in
dimensional units. Data for the "principal' waves are presented as curves of
wave number, wavelength, phase veloclty, and group velocity as functions of fre-
quency. Wave numbers for oblique propagation are presented for angles of 0.1°,
1°, 100, 459, 80°, 89°, and 89.9° relative to the magnetic-field direction. The
range of magnetic-field strengths covered by the plots is 102 to 10° gauss, and
the range of electron densitiles is 1010 to 1015 ions per cublc centimeter. Cut-
off and resonance frequencies are also plotted as functions of density and
magnetle-field strength.

INTRODUCTION

The intense interest shown in plasma waves has led to several independent,
though similar, theoretical treatments of the problem. Results have appeared in
a varlety of forms. The case of wave propagation in a cold, collisionless
plasma is typical in this regard. Although the analysis of the cold plasme has
been gquite exhaustive, the wave characteristics have been presented elther as
sketches showing the limiting cases in detall or as detailed plots covering re-
stricted ranges of the propagation frequency. These presentations used nondi-
mensional expressions over a restricted frequency region in order to correlate
the data from many conditions on a single plot. The experimentalist, however,
usually prefers dimensional data that cover a broad range of application. In
thils report the more common wave propagation parsmeters are presented as dimen-
sional quantities and are plotted over an extended frequency range. These
curves are intended to complement the nondimensional plots that have been pre-
sented over varlous frequency ranges (refs. 1 and 2).

Characteristics of the plasma wave commonly used in microwave diagnostics
to measure electron density (termed the ordinary wave) are independent of mag-
netic fileld. Therefore, its wave propertlies can be presented conveniently in
elther nondimensional or dimensional form, because the only parameter is electron
density. It is possible, however, to devise dlagnostic techniques based on char-
acteristics of other types of waves. Since the plasma densities that can be de-
termined from these other waves generally depend on magnetic field, care is re-
quired in selecting the propagetion frequency. This detailed selection of test
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conditions is made more convenient by the use of comprehensive plots that cover
a large range of experimental frequencies.

The curves presented in this report apply for small-amplitude electromag-
netic waves (since & perturbation technique is employed) propagating through an
atomic hydrogen plasme immersed in a uniform steady magnetic field. Calculations
made from Astrom's equations (ref. 2) predict, for a cold, collisionless plasma,
all the important electromagnetic wave modes and their resonances. Included 1n
the results are curves of wave number, wavelength, phase velocity, and group ve-
locity of waves propagating parallel and normal to the magnetic field over a
spectrum of excitation from low-frequency radio waves (1.6x10° cps) to submilli-
meter microwaves (1.6X1012 cps). In addition, wave-number plots for propagation
at angles other than 00 and 90° gre presented. Ranges of magnetic-field inten-
sity and particle density covered by the graphs are, respectively, 102 to 10°
gauss and 1010 to 1015 ions per cubic centimeter.

THEORY

The basic equations for the propagation of an electromagnetic wave in a
cold plasma with overall charge neutrality have been derived from various mathe-
matical models. The contribution that is usually accepted as the original major
work is that by Astrom (ref. 2). He assumed an infinite, homogeneous medium of
1ons and electrons that were motionless in the unperturbed state and were im-
mersed in a uniform static magnetic field. The plasma was considered collision-
free. Therefore, the only forces to act on the charged particles were those
originating from the macroscopic electric and magnetic fields. Since there were
assumed to be no collislions between particles, the presence of neutral constitu-
ents would not alter the results obtained from this theory. The ion and electron
velocities were obtained by solving the equation of motion for a charged particle
acted on by the Lorentz force. The plasma currents obtained from these particle
velocities were substituted into Maxwell's equations to obtain a self~consistent
solution in terms of the dielectric constants of the medium. Although Astrom as-
sumed a plane wave 1n his development of the dielectric coefficients, Epstein
(ref. 3) obtained the same dispersion relation for cylindrical waves.

Dispersion Relation

There are various forms in which the resulting equations may be presented,
and each form is more convenient under certain circumstances than the others.
The equations considered in this report involve the varlous components of a modi-
fied dielectric temsor K; the modified dielectric coefficients used herein are
obtained by multiplying Astrom’'s dielectric coefficients by’(w/c)z. Components
of the tensor sre K;, K., Kp, and Kg, where the subscripts 1, r, p, and s
refer to left rotaetion, right rotation, axial, and transverse electric-field
polarizations. (Symbols are defined in appendix A.) The equations used in this
report can be derived from the dispersion relation (ref. 4)

Axt - BxZ + 4 =0 (1)
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It should be noted that K

D 1s independent of magnetic-field strength.

Waves propagating at 0° and 90° with respect to the magnetic field are re-
ferred to as principal waves or modes. Waves propageting at angles between 0©
and 90° are referred to as oblique waves. If a rectangular coordinate system is
selected so that the positive directions of x and _z are parallel to (B><E) X B
and §, respectively, the coordinate components of k become
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where the numbers in the subscript identify the two roots obtained from equa~
tion (1). The components k, and k,, which are most commonly used in bound

plasma problems, are the quantities that are generally measured experimentally.

Another convenient form In which the propagation vector may be presented is
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This form immediately yields the wave numbers of the principal plasme modes by
setting 6 = 0° and 90°. Hence,
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where k; and k. are the wave numbers of the left and right cilrcularly polar-
ized plane waves propagating in the direction of the magnetic field, kp is the

wave number of the P mode (ordinary wave) in which the electric vector is par-
allel to the field direction, and kg 1s the wave number of the S mode (extra~

ordinary wave) in which the electric vector is transverse to the magnetic-field
direction. The only dispersion relation of the principal modes that is not di-
rectly represented in equation (7) is the one for the 8 mode, which can be
written separately as
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Cutoff and Resonant Frequencies

Explicit expressions for the resonant and cubtoff frequencles may be readily
obtained by setting k2 equal to infinity end zero, respectively, in equa~
tion (1). Cutoff frequencies are designated by subscripts beginning with o.
Resonant frequencles are designated by the superscript «. For each propagation
angle there are usually three cutoffs and three resonances that are designated
in the order of increasing frequency by the subscripts 1, 2, and 3.

Cutoff. - For propsgation at all angles except 0°,

(@eg = Wge) + \/(@ci - @ce)2>+_%(wce@ci + “%)
Po1 = 2
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and
Wo2 = Wp (10)

At OO, Wwyp does not exist. The numerical order of the subscripts in equations

(9) and (10) prevails whenever ®p > We3 or n >0.03 BS, If Wy < Weq, equa-
tions (9) represent wp3 and app and equation (10) represents wgy.

Resonance. - At 6 = 09,
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where a%l and wgz are referred to as the lower and upper hybrid frequencies,
respectively.

Resonant frequencies at an arbitrary propagation angle are determined by

solving for the roots of the expression &= 0 that was obtained by setting
k% = » 1in equation (1). Hence,
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z
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This expression is also considered in reference 5.

Phase and Group Velocities

The phase and group velocities for the various modes are given by the ex=
pressions
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These are derived from equations (2), (3), (7), and (8). Only the expressions
for group veloclty are presented here. For the principal modes they are
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For the principal modes, the group velocity is in the direction of wave propaga-
tion. TFor waves propagating at some arbitrary angle to the magnetic-field di-
rection, however, the group velocity is generally not in the direction of wave
propagation.

The expressions presented in the sections Dispersion Relation and Cutoff and
Resonant Frequencies are sufficient to determine the major characteristics of
electromagnetic waves propagating through a cold, collisionless plasma. There
are several ways in which these equations may be simplified depending upon the
approximations that are made. In appendix B three approximste treatments are
discussed and compared to the Astrom model. These are (1) the microwave approxi-
mation (ref. 6), (2) the Stix approximation (ref. 7), and (3) the simplified
Ohm's law (ref. 8).

RESULTS AND DISCUSSIONS

In the section THEORY, Astrom's dispersion relation was used to derive the
characteristic wave equations in a plasma. These equations are valid for both
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plane waves and cylindrical waves propageting through a cold, collisionless
plasma immersed in a uniform magnetic field. ZExcept for figures 13 to 15, the
data for all curves presented in this report were calculated from Astrom's equa-
tions. Figures 13 to 15 were obtained from equations presented in appendix B.
Calculations were performed for a fully ionized atomic hydrogen gas. Table I
provides a summary of all the data covered by the curves of figures 1 to 18.

Wave Number of Principal Modes

Figure 1 consists of curves of the wave number squared as a function of the
excitation frequency for the principal modes (P, S, R, and L) for a range of
densities from 1010 to 1015 ions per cubic centimeter and at magnetic fields of
102, 103, 104, and 10° gauss. A wavelength scale is also included. The dashed
sections of the curves that appear in the figures are extrapolations from the
calculated solid sections. Cutoff and resonant frequencies are indicated by
trianguler symbols at the bottom and top of the figure, respectively. Figures
1(a) and (d) present the data for transverse wave propagation (6 = 90°) where
the electric field of the wave 1s alined with the directions of the magnetic
field and perpendicular to it, respectively; figures 1(b) and (c) present the
data for longltudinal propagation (6 = 0°) where the electric field is perpendic-
ular to the direction of the magnetic field and is left and right circularly
polarized, respectively.

Plots of k2 as a function of W, such as those in figure 1, may be used
directly to determine the feasibility of transmission experiments in which phase
shift is measured. It is interesting to note that 1t is possible at certain con-
ditions to determine an lom density with the use of the S mode, while it is
impossible with the use of the P mode. For example, the maximum density that
can be determined by a P mode at a frequency of 101l radians per second is
about 3x1012 ions per cubic centimeter (fig. 1(a)). If the plasma were immersed
in & magnetic field of 104 gauss, densities up to 9x1012 1ons per cubic centi-
meter could be determined with the use of the S mode (fig. 1(d-3)). Conse-
quently, by rotating the waveguide 90° about its axis, it would be possible to
increase the upper density limit of the diagnostic system. Increasing the field
strengths extends the upper density limits of the S mode to larger values.
Another example of the use of the curves is 1llustrated in figure 1(d-3). At a
frequency of 108 radians per second, the validity of an experimental determina-
tion of plasma properties with the S mode for a 10-centimeter-diameter plasma
would be questionable for densities less than 104 1ons per cubic centimeter,
because the wavelength of this mode is the same magnitude as the plasma size.

Wave Number of Oblique Waves

Wave numbers that have been presented up to now are for the principal modes
in which propagation normal to the magnetic-field direction is uncoupled from the
parallel propagation. For oblique waves, however, the components of the propa-
gation vectors kyxy and kgz, which are respectively normal to and parallel to

B, are related to each other and to k +through the relations
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These x~ and z~components of the propagation vector are related to the transverse
and parallel wave numbers that appear in the analysis of bound plasmas (ref. 8).
These components of the oblique waves (along with components of wavelengths) are
presented in figures 2 to 8 as functions of w for 6 = 0,19, 19, 109, 459, 80°,
890, and 89.9° and for representative values of B and n. The magnetic~-field
strengths covered by these plots are 102, 103, and 104 gauss, and the particle
densities are 1011 and 1013 ions per cubic centimeter.

When the propagation angle is varied, the dispersion relatlion can be altered
markedly in some regions of the frequency spectrum and remain relatively un-
changed in other regions. In many experiments the exact propagation angle is
difficult to determine, such as when waves are generated by induction coils. It
becomes important, therefore, to assess the manner in which the wave number

changes with the angle.

Sketches (a) to (d) are presented to assist in the interpretation and use
of figures 2 to 8 and to illustrate the effects of varying the propagation angle.
In these sketches, the wave numbers of the principal modes are compared with
compenents of the waves propagating at angles near 0° and 90°.

Sketch (a) consists of curves taken from figures 1(b), 1(ec), 4(a-2), 4(b-2),
and 9(b). This sketch presents k2 as a function of ® for the R and L
modes and kg for a 10° propasgation angle. As might be expected, kg at 10° is

very similar to the wave numbers of the R and L modes over most of the fre-
quency spectrum. There are, however, portions of the 10° dispersion relation,
marked by crosshatching, that do not have counterparts in the R and L modes.
This modification results in a resonance, which occurs at the plasma frequency,
that cannot be predicted by the R and L modes. Near the 90° propagation
angle the wave number might be expected to approximate the transverse S or P
modes rather than the R and 1L modes.

In sketch (b), which is taken from the curves of Ffigures 1(b), 1(c), 6(a-2),
6(b-2), and 9(b), k% for 80° propagation 1s compared to the R and L modes.

Although the general shapes of the 80° curves bear some similarity to the R and
L curves, the magnitudes differ appreciably. Obviocusly, the R and L modes

may not be used to epproximate the kZ relation for large angles.
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Sketch (c) is composed of curves taken from figures 1(a), 1(d), 6(b-1),
7(b-1), 8(a), and 9(a). In this sketch kx for propagation angles of 800, 899,

and 89.9° is compared with the S and P wave numbers. Two interesting details
should be noted in sketch (c). First, a resonance exists between Wei and zero

frequency for propagation less than 90°; this resonance disappears at 90°.

S mode —
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Second, for frequencies less than W, the wave numbers change very rapidly as
the angle is varled near 90°. Tt follows from sketch (c) that, for 6 less
than 89.9°, ky cannot be approximated by the S and P wave numbers. In con-
trast, in sketch (a) kg can be approximated by the R and L modes for angu-

lar deviations as large as 10°.

Another matter of passing interest is illustrated in sketch (c). For nega-
tive values of kz, a branch of the P curve intersects a branch of the 8
curve., Thelr counterperts for angles less than 900 never intersect, however.
As illustrated in sketch (d), there appears to be an interchange of branches as
6 approaches 90° (see branch marked (x)).
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The trends for imaginary wave numbers are indicated in these sketches. The
trends are important since the damping distance assoclated with wave phenomena

can be represented by d = (kip)~ —, where kip signifies the imaginary compo-
nent of the wave number. In the absence of collisions, k 1is either purely real
or purely imaginary when & 1s assumed real as in this report. To give an ides
of the magnitude of the numbers involved, the specific case n = 1013 ions per
cubic centimeter and B = 10% gauss is plotted in figure 9. The magnitude of
k4, over most of the various branches readily explains why it is necessary to
consider the imaginary region of the dlspersion relation in wave propagation
problems. As an example, the damping distance for k% when 6 = 90° n = 10

lons per cubic centimeter, and B = 104 gauss is roughly 0.17 centimeter (fig.
9(a)). When 6 = 10°, however, the average demplng distance 1s of the order of
10 centimeters. If the characteristic length of an experimental plasma were
much less than this latter damping distance, the plasma would be transparent over
a large part of the imaginary-wave-number region. The plasma would then trans-
mit a disturbance at both higher and lower frequencles than the transmission
cutoff frequency, and no sharp and well defined cutoffs would exist.



In sumarizing the discussions of sketches (a) to (d), it is worth noting
the following for positive wvalues of k2: Over the range of angles from 0° to
80° the dispersion relations bear some degree of similarity to each other, while
over the range 80° to 90° the low-frequency reglons of the dispersion relation
change 1n a drastic manner when the angle is slightly varied. This sensitivity
to wave propagation direction near 90° is pointed out for the case of resonance
in reference Oo.

Cutoff and Resonant Frequencies

Cutoff and resonant frequencies are particularly interesting because of
their relation to density measurement and power absorption in a plasma, At cut-
off k& oes through zero and, therefore, is a dividing point between a propa-
gation (k& > 0) and a nonpropagation (k2 < 0) region. Similarly, at resonance
k2 goes from +w to -x and thereby again defines a separation between propa-
gating and nonpropagating regions. In a real plasma at cutoff most of the signal
is reflected by the plasma, while at resonance most of the signal will elther be
reflected or absorbed. In either case the signal can be attenuated appreciably
as it passes through the plasma., If either the cutoff or resonant frequencies
have a detectable variation with density, they may conceivably be applied to
measure plasma density.

Cutoff frequency is plotted against density in figure 16. The frequency
Wpp of figure 16(a) is the plasma frequency and is independent of magnetic
field. The upper and lower hybrid resonant frequencies of the S mode are
plotted in figure 17 as a function of ion density with the magnetic field as a
parameter. The resonances of the R and L modes, which are the electron and
ion-cyclotron frequencles, respectively, are plotted in figure 18 as a function
of magnetic-field strength.

The resonant frequencies for oblique waves are plotted in figure 10 as a
function of the propagation angle for magnetic-field strengths of 102, 105, and
104 gauss and for densities of 1011 ang 1013 ioms per cubic centimeter. These
frequencies are the roots of equation (13). Several interesting phenomena are
illustrated in these curves. It is observed that the first resonant frequency
o 1s practically constant between 0° and 80°, Above 80° the resonant frequency

drops off very rapidly and goes to zero as 6 approaches 90°. This is consist-
ent with the rapid change in the dispersion relation near 90° depicted in
sketeh (c) for the lowest resonance. The second resonance a% continually de-

creases as 6 goes from 0° to 90°. Therefore, in an experiment, 1f the propa-
gatlion angle departs from that expected, the resonant frequency will shift from
the expected value according to the presented curves. The third resonant fre~
gquency % is falrly constant with angle, except, perhaps, at high field
strengths (B 2104 gauss) and large densities (n > 1013 ions/cm®), where it in-
creases with Increasing angle.

Another feature of the dispersion equetion implied by the sketches and de-
picted explicity in figure 10 1s that the second resonant frequency approaches
the smaller of elther wp or Wwece as 6 approaches 0°. The third resonance
approaches the larger of the two frequencies.

1z



Phase and Group Velocities of Principal Modes

Phase veloclity U 1s plotted as a function of @w 1n figure 11 for densi-
ties of lOll, 1013, and 1015 ions per cubic centimeter and for magnetic fields
of 102, 103, 104, and 10° gauss. A general property evident from all the plots
is that the phase velocity for frequencies below the nonpropagating band (or
stop band) is less than the speed of light, while above the highest cutoff fre-
quency it exceeds the speed of light.

To complete the presentation, the group velocity V 1is plotted as a func-
tion of ® in figure 12 for densities of 1011, 1013, and 1015 ions per cubic
centimeter and for magnetic fields of 102, 103, 104, and 105 gauss. It may be
noticed from the plots that the magnitude of the group veloclty in the frequency
reglon above the highest cutoff frequency is very near the speed of light and,
consequently, would be difficult to measure experimentally within the presented
frequency range. In the frequency reglon below the lowest transmission cutoff,
however, the group velocity is small enough to be determined experimentally.
Although the group velocities in the lower frequency regions of experimental in-
terest are large, plasma densities could be determined by using waves of R or
I, mode if the propagation path length were sufficlently long to obtain a meas-
urable time delay of the signal. As an example, for the plasma conditlons pre-
sented in figure 12(b-1) and a propagation length of 100 centimeters, a signal
at a frequency of 107 radians per second would propagate through the plasma as
an R mode with a time delay of the order of 2.5 or 25 microseconds, depending
upon whether the density was 1013 or 1015 ioms per cubic centimeter, respec-
tively.

CONCLUDING REMARKS

The characteristics of electromagnetic wave propagation through a cold, col-~
lisionless plasma immersed in a magnetic field have been presented in dimensional
form so the experimentalist may have quantities in laboratory units. The wave
numbers, wavelengths, phase veloclty, and group veloclity of the principal modes
determined from Astrom's equation are presented as functlions of frequency. Wave
numbers (wavelengths) for oblique waves at various propagstion angles are also
presented as functions of frequency. These values are of interest in bound
plasma experiments. In addition, the cutoff and resonant frequencies for both
the principal and oblique waves are presented for a range of plasma conditions.
In examining the results for oblique waves, 1t was noted that, over the range of
propagation angles from gbout 80° to 90° with respect to the magnetic-field di-
rection, the wave characteristics showed a marked sensitivity to propagation di-
rection. Thils effect must be considered in the design of experiments and in the
interpretation of experimental findings.

Lewis Research Center
National Aeronautics and Space Administration
Cleveland, Ohio, August 7, 1963
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APPENDIX A

SYMBOLS
dispersion relation coefficients
approximate dispersion relation coefficient

magnetic-field strength, gauss
magnetic-field vector, gauss

velocity of light, cm/sec
damping distance

electric field vector, esu
electron charge, esu
current vector, abamp

modified dielectric coefficient, Astrom's dielectric coefficient
multiplied by w?/c?; K, = (K. + X;)/2

wave number, 2w/A, em™t
propagation vector

mass, g

particle density, ions/cm®
phase velocity, w/k, cm/sec
group velocity, da/dk, cm/sec
mass velocity, cm/sec

charge number of ions

angle between direction of wave propagaetion and magnetic-field di-
rection, deg

wavelength, cm
wave frequency, radians/sec
electron cyclotron frequency, Be/mec, radians/sec

ion cyclotron frequency, ZeB/mic, radians/sec



osl
082
®o1
®o2

B3

“pe

resonance frequency of oblique waves

resonance frequency of L mode, a4, radians/sec

resonance frequency of R mode, w.q, radians/sec

cutoff frequency of L mode, w,y (eq. (9a)) or w,p, radians/sec
cutoff frequency of P mode, wyp (eq. (10)) or gy, radians/sec
cutoff frequency of R mode, w,z (eq. (9b)), radians/sec

cutoff frequency of S mode, radians/sec

lower cutoff frequency of S mode, eq. (9a), radians/sec

upper cutoff frequency of S mode, eq. (9b), radians/sec

lower cutoff frequency eq. (9a), radians/sec

middle cutoff frequency, eq. (10), radians/sec

upper cutoff frequency, eq. (9b), radians/sec

1/2
plasma frequency, [%ﬂneez(iz + éé)] / 5 radians/sec
i

electron plasma frequency, (4ﬂnee2/me)l/2, radians/sec

g 1/2
Wpi ion plasma frequency, |4nZ Ty 5 radians/sec
agl lower hybrid frequency of S mode, eq. (12a), radians/sec
o upper hybrid frequency of S mode, eq. (12b), radians/sec
wy approximate resonant frequency for S mode, eq. (B7), radians/sec
Wy approximate resonant frequency for S mode, eq. (B5), radians/sec
Wz WeiWpe + aé, radians/sec
Subscripts:
e electron
i ion

15
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R

S

rectangular coordinate, perpendicular to

mode,
mode,
mode,

mode,

left circular polarization
axial polarization
right circular polarization

transverse polarization

rectangular coordinate, parallel to
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APPENDIX B

APPROXIMATE DISPERSTON EQUATIONS

The various approximations that are presented herein first appeared in the
literature as developments of individual physical models. Because of their com-
mon usage, wave numbers as functlons of frequency were computed for these approx-
imate disperslon relations and were compared with the results of Astrom's expres-
sions., The results of these comparisons are presented in this appendix.

Microwave Approximation (ref. 8)

When the lons are present only to maintain overall charge neutrality, a con-
dition exists that is referred to as the microwave approximation. In this case
the ions do not contribute to the total current, and an electron gas with charge
neutrality results. Mower (ref. 6) has shown that the dielectric coefficients
can be represented by the following equations (which can also be obtained from
Astrom's expressions if it 1s assumed that o >> wey and 1f the Inequality

me << my 1is used):

2 w? wpe
k§ = K; = —|1 ~ (Bla)
1 1 o2 o(w + Woe i__

pe (B1b)

Hoo
I
=~
2
il
ol S
l_l
1

(B2)

o ro
|
o
n
Oml &
I
)
%okﬁo
~Jr_

I

Kg = = é.— —:231;;> (B3)

From equations (Bl) and (B3),

W2 oot (@ (B4)

where
2 2 2
ap = Woe + Whe (B5)

As long as the frequency satisfies the inequality w >> w,.4, the expression
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developed for the microwave approximation yields practically the same results as
Astrom®s expression; however, terms are dropped in this approximation that in-
troduce errors in wave number whenever calculations are made near the cutoff

(mbp, Ws7, Wogs 8NA  ®ygo) Or resonant (dgz) frequencies, These errors only be~

come large when the transmission frequency is within a fraction of a percent of
the cutoff or resonant conditions.

Stix Approximation (ref. 7)

Another model that is frequently used involves the simultaneous solution of
Ohm's law and the equation of motion of a fluid element. If the electron-ion
mass ratio is not neglected relative to unity in the generalized Ohm's law for a
collisionless plasma, results for X;, K, Kp, Xy, and kg are obtained that

are identical to Astrom's results. In the calculations of reference 7 certain
terms that contain the electron-ion mass ratio were neglected, and the wave num-
bers are practically identical to Astrom's results. Stix, in addition, used ap-
proximate factors for a quadratlic expression that appears in the equation for
the dielectric coefficient. These approximations result in the expression

kg Z,EE (d@ - Whee - a%)(a@ t Whpp - @%) (86)
2 F D F D)
where
-2 1.1 2 2 \"L
= WoePei * (wpi * wci) (B7)
a% = “Ee + age (B5)

In performing this reduction, it was necessary to neglect WceWei as com-

pared to o This approximation 1s equivalent to that which neglects the

ce*
electron~ion mass ratio compared to unity.

In a similar fashion it can be shown that

2
2
2 ooy _ Spe
kp-czl w2> (B8)
_ 2 -
2
2 W abe
kS = —=—]|1 - Bo
[ (0 - wei)(w+ wee) (BSa)
_ o -
2
2 w wpe
k¥ = —|1 - B9b
r o L2 | (0 + weq)(w - wce)J ( )
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Since the only approximation made in the development of these equations was the
neglecting of i compared to wce, the error is large only in the vieinity of

the frequencies that are within a fraction of a percent of the lower and upper
hybrid resonances and the cutoff frequencies.

Simplified Ohm's Law (ref. 8)

The previous approximation may be further simplified by neglecting the
electron inertia term in Ohm's law, that is, by using the equation

wl

v X 1
c eng

E +

TIxB=0 (B10O)

in place of the generalized Ohm's law (eq. 2-12, ref. 1). This approximation is
essentlally equivalent to the condition that o << w.,. For this case the diel-
ectric coefficients are

2
2
K, = X, =9_< _%pe 1 ) (Blla)

c2 Woe ® - Wei
2
2
w wpe 1L
=K, = —|1 + —_— Bllb)
Ky r C2< Wae O + wce> (
2 ey
w 2 ci 1
Kg = |1 - wp (B12)
S c2< ¢ Wce @l - w§i>

The wave number for the S mode reduces to

2wl [@”ce + (wcewcirffqgeX}Eywqe - (wceQCi + “%e)]

k2 = & 2 , (B13)
s
ct [ra%e(u“)2 - wgi) - CL"%temc:'Lwcze
For oblique waves the general dispersion relation (eq. (6)) becomes
k2 - x,)(k% - X
tano = ( r)( Z) (Bl4)

Kk - KK,

for this approximation. Note that Kp does not appear in the tan?6 relation.

The component wave numbers may be written in the same form as equation (5),
namely,
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, \/31' st €
ky1 = 2&11 sin“@
B, - VB - 1A, €
2 1 1 171 . 2
ka = ‘gin sin“6
- } (B15)
2 5 V24 - oty € 2,
7l = zdl CcOSs
2
k2 = gl ~ '/égl - 4Ml ({l cos29
z2 ZJii

P

The expressions for J#i, ﬂﬁ} and Qﬁ_ have been modified, however, so that in

this case

A = cos?p h

#) = Ks(1 + cos®o) (B16)

——

€ = KKy /

These expresslons are identical to the dispersion relation presented in refer-
ence 8 if the proper substitutions for %X and 6 are made.

Figure 13 presemts curves calculated from the dispersion relation obtained
by this method. When particle currents are negligible compared to displacement
currents, Ohm's law does not affect the results, and, consequently, the restric-
tion ® << w,e 1s not required. Therefore, there are reglons of the frequency

spectrum, other than ® << w,,, where the approximate and exact expressions
agree. The plots of k% and kg for large magnetic fields (B = 105, figs.

13(b~2), 13(c-2), 1(c-4), and 1(d-4)) demonstrate that agreement masy exist for
nearly the complete frequency range. Discrepancles between the two models for
the example occur 1n narrow frequency bands centered around the upper resonance
points (near wce), which, incidentally, are not predicted by the approximate
relations. As the magnetic field decreases, there 1s a wlder range of frequen-
cies for which the approximate equation is unsatisfactory. The reglons of inac-
curacy are particularly large for low densities. These latter conclusilons are
exemplified by comparing figures 1(b-1), 1(c-1), and 1(d-1) with 13(a-1),
13(b~1), and 13{c-1), respectively.

Figures 14 and 15 present the approximate dispersion relation for oblique

20



waves propagating at angles of 10° and 80°, respectively, as calculated for the
simplified Ohm's law approximation. Curves presenting the corresponding Astrom

data are also included in the figures to illustrate, by comparison, in what fre-
gquency range the results of this approximation can be applied.
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TABLE I.

Curve description

k& against
(k2 > 0)

ki,kg against w

‘(kz > 0)

ki,kg against
(k% < 0)

u® against 8
U against
(k2 > 0)

V against w
(k2 > 0)

k2 against o

(k2 > 0)

kﬁ,k% against
(k2 > 0)

W, w® against n

Model

Astrom

Astrom

Astrom

Astrom

Astrom

Astronm

Simpli-
fied
Ohm's
law

Simpli-
fied
Ohm's
law

Astrom

Wave propaga-|Magnetic~
tion angle, field
6, strength,
deg B,
gauss
0,90 102 to 10°
0.1,1,10,45, | 102 to 10%
80, 89, 89. 9
1,10, 45, 80, 104
89,89.9, 90
0 to 90 | 102 to 10%
0, 90 102 to 10°
0, 90 102 to 105
0, 90 102,105
10, 80 102, 104
0, 90 102 to 10°

~ SUMMARY OF DATA PRESENTED IN FIGURES 1 TO 18

Particle
density,
1,

ions/cm5

1010 to 1015

H

1011, 1013

1015

1011, 1013

101l o 1015
1011 to 1015

1010 o 1015
1011’1015

1010 o 1015
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Figure

Figure 1. - Wave number as function of frequency. Wave propagation angles, 0° and 90% Astrom's model.

Figure 2. - Wave number as function of frequency. Wave propagation angle, 0. 19, magnetic-field strength, 108 gauss; particle den-
sity, 1613 ions per cubic centimeter; Astrom's model.

Figure 3. - Wave number as function of frequency. Wave propagation angle, 1% Astrom's model.

Figure 4. - Wave number as function of frequency. Wave propagation angle, 10°%; Astrom's model.

Figure 5. - Wave number as function of frequency. Wave propagation angle, 459; Astrom's model.

Figure 6. - Wave number as function of frequency. Wave propagation angle, 800; Astrom’s model.

Figure 7. - Wave number as function of frequency. Wave propagation angle, 899, Astrom's model.

Figure 8. - Wave number as function of frequency. Wave propagation angle, £9.99, magnetic-field strength, o4 gauss; particle den-

sity, 1013 jons per cubic centimeter; Astrom's model.

Figure 9. - Wave numbers in imaginary {nonpropagating) region as functions of frequency for various oblique angles. Magnetic-field
strength, 104 gauss; particle density, 1013 jons per cubic centimeter.

Figure 10. - Resonant frequency as function of oblique wave propagation angle. Astrcm's model.

Figure 11. - Phase velocity as function of wave frequency. Astrom's model.

Figure 12. - Group velocity as function of frequency. Astrom's model.

Figure 13. - Wave number as function of frequency. Wave propagation angles, 0° and 90°; simplified Ohm's law approximation.
Figure 14. - Wave number as function of frequency. Wave propagation angle, 10°; simplified Ohm's law.

Figure 15. - Wave number as function of frequency. Wave propagation angle, 80%; simplified Ohm's law.

Figure 16. - Cutoff frequencies as functions of density.

Figure 17. - Resonance frequencies of principal modes as functions of particle density.

Figure 18. - Resonance frequencies of R and L modes as functions of magnetic-field strength.

25



mx ‘aoqunu SABM

10-1

S U U O R N S B
(o]

[=]
—

wo ‘v ‘yzBustesem

102

T

|SEES]

[B=agiEa:

%

St

10~

Wave frequency,

(a) P

wave

mode;

- Wave number as function of frequency.

Figure 1.

26




w, radians/sec

propagation angle, 90°.

Wave propagation angles, 0° and 909; Astrom's model.




28

Wavelength, A, cm

i
L
:

10

L
F
10t E;

I B R

108

Wave number, k%

104

10-3

iR

freqﬁency,

i

E™

Wave frequency

(b~1) Magnetic-fiel:
(b) L mode; wav

Figure 1. - Continued. Wave number as function o



1013

nl

1, radians/sec

1010

strength, 102 gAauss.

0°.

propagation angle,

5 model.

Astrom'

Wave propagation angles, 0% and 90°;

frequency.

29



[ JR JE —————— e e o T
— . e —— L
e >
- —— b [ .
o
i}
3
_— — O - o' e -
B O A O
3
G
- (51 .
e = Gt = g
- ~ 080 O C—1 = .
- B - 3+ 3 = -
\ P o} - z -
I - o T e
4 D
T oo pad g ) gy o
. . T
S — e RS SO ——
=, - .
, ==
ﬁ ,f —— — I~
E— et e S
1 [ - - - |
T
T
T
| e | — iy — R bt
'

[
=]
=

mx fI9qUIMU SABM

[ WU (PN I |
—
(o]

wo ‘y ‘yjBuarasepm

—

Wave frequency,

(b-2) Magnetlc field

L mode;

(b) Continued.

Wave number as function of

- Continued.

Figure 1.

30




il

AL TET:

article density,

<t

[N

0 LAY

T

radians/sec

W,

strength, 10° gauss.

0°.

wave propagation angle,

Astrom's model.

B

Wave propagation angles, 0° and 90°;

frequency.

31



= LI < BT
> L ©
0o @ T
[ €] ]
AR ” e B [ ] g O
3 1 o
T - T T o O -
T T s s — e e - e e | | — ® — I o
= > o
3 S “ e =
B - = T g0 - &
= . = T = s = o w9
- o = : 8% og
_ == = = = = o
= 51
—~ - &
M Lo
! a8 o
Q o E
~— (&) =3
o
Qo @
~—— >
o
=
o
I}
bt
S
-
D
=}
[9)
o
|
—~
[}
14
3
&0
ol
S

10%

EEsH L ITILM Iy

— o]
o] [e]
— i

mx ‘IoqunuU 9ABRM

. o N R B

o) —
| (=} [=]
= —

10

wo ‘Y ‘ysBustorepm

32




e b

cm5

n,

Partlole lensity, =

tens/
it

RN
ST

>
o
fod -
T >
3 o
o o
Lo o i — o - 3 @ - -
53
e T
. L
- o
ittt - —— — © ey e -
== T2 ; =
T d &
£ e
080 O
0 3+ 3
T .- T e s T [
m O
<4 P

w, radians/see

strength, 104 gauss.

o°.

angle,

wave propagation

agaticn angles, C° and 900; Astrom's model.

Wave proyp

frequency.

33



‘ -
- - — >
= 5}

It -

[OIS

3 o

oo

Ol

— 53

N & o - i Z - = w
i - o = -
- - - A= 0 oH - — - — ——
. S
=)
[ . m . I [
LEars)
El 08~0 o
— i B R TN s e e
0] =
— o (o] - —
4 b
{
i

TN

—
o
—

mf.. ‘Ipqunu aaepy

clats]

—
o
—

P‘\‘w L ~

wo ‘\ ‘ysBusTenepm

Wave frejuercy,

(b-4) Magnetic-t'leld

mode;

L

(b) Concluded.

Wave number as function of

- Continued.

Figure 1.




3

n,
tons/cem

Particle density,.:ﬂ

1013

w, radians/sec

.

strength, 10Y gauss.

0°.

wave propagation angle,

om's model.

Astr

B

zation angles, 0° and 90°;

Wave propa

frequency.

35



Wave frequency,

[l
.

I
H

i,

gl
|
L
i
]
I
i

LN

BT

Q
=]
—

mx ‘Isqunu 3ABM

)

o

—
S NEUN SO NS P E N
%
S

St

wo ‘v ‘yzBusTaneM

(c-1) Magnetic-field

mode; wave

(e) R

Wave number as function of

- Contlinued.

Figure 1.

36



nJ

1ons/cm:5

] Particle density,

w, radians/sec

strenglh, 102 gauss.

OO

propagation angle,

Wave propagation angles, 0° and 900; Astrom's model.

frequency.

37



wn

Resonance frequency,
Cutoff freguency,

T

]
S
[o]
—
mx ‘asqunu aABM

| TR S U

1 —

-1
10 r_

wo ‘Y ‘ujBusTospM

Wave frequency,

(c-2) Magnetic-field

R mode;

(¢) Continued.

Wave number as function of

- Continued.

Figure 1.

38




TR

/emd

ions

= Particle density,:
nl

i
i

i
fre

|
i
T

I

i
|
i
I
i

i

10°

w, radians/sec

strength, 103 gauss.

wave propagation angle, 0°.

3 Astrom's model.

Wave propagation angles, 0° and 90°;

frequency.

39



,
i
:
|
b
‘
‘
,

|
]
|

Resonance frequency,

i

oo

{‘DI‘

Cutoff frequency,

wo,,

T

B
i

R N

108

23 ‘asqunu saep

Ll ! N [ IR S

1071

109
102

—
(o]
—

wo ‘Y ‘yaBustoneM

Wave frequency,

(c-3) Magnetlic-field

R mode;

(¢) Continued.

Wave number as function of

- Continued.

Figure 1.

40



1ons/cm3

Particle density,E
n,

-

radians/sec

(‘Ul

strength, 10t gauss.

wave propagation angle, 0°.

Wave propagation angles, 0° and 90°; Astrom's model.

frequency.

41



"
ES B B
- o :
& 5
- R = S S —
T - P o' I~ -
= g g
& 5
@
4 3
o &
P I B T
g 8
T o880 O " -
@ 3+L 3
— s oY RS
L= &
4 b
\
I

T
o

H:_

106

1073

10-1

wo ‘y ‘yjBustosep

Wave frequency,

(c-4) Magnetic-field

R mode;

(c) Concluded.

Wave number as function of

-~ Continued.

Figure 1.

42



tH

t
i

1019,1011,1012,1013

LT

|

I
|
|

3

nl

1ons/cm

Particle density,

1013

1012

1011

w, radians/sec

strength, 10° gauss.

wave propagation angle, o°.

Wave propagatiom angles, 0° and 90°; Astrom's model.

frequency.

43



ey, N

Wave frequency,

H
e
< 0
P
@ I o o .
3 3 o003
g ooz —
¢ o 0 O
LI VR Y % -
e o,
o ke b Ly
P
Y % o o
o~ ~ e Rt
» =m0 303
Eel el o ©
o
oL AL ns 0
T UsnUsnow 06 O
E3 m“m z umww
oD 3 o

wo ‘v ‘yjFustenepy

~14

(d~1) Magret 1o

- Contlnued. Wave nurber as functior of

Figure 1.

44



3

n,

tens/cm

=
i

K

.

Fd

1Fartlcle density,

N i

7

1015
W,

| EEERE]
e

w, radians/sec

strength, 102 gauss.

90°.

propagation angle,

agaticn angles, 0° and 900; Astrom's model.

Wave prop

frequency.

45



. o D e
4 S i [ o
: o o 0
— g Q =}
E— - T P T T 3 & E o
=3 1 -
S - AN o o D
B l [0 -~ 7] O
0 =
EoIY 5
] s . 4
Hoe e 0w °
I T R | > [ [ 2]
TEEE T T = 5 ©
= a
—~ a
o .m o
i o
] -
22 - © 3
e g
et =
= )
I S o oo ppe i | — =3
e @
= — g
s Dy il i e o ]
[ i P | m .
< — %
- B
o
i oy
] ©
[ o
] o
N o
* |
.If Pl
= ~
- - - N @
L — 4
o [5) [S) =
s g 5 &0
L4 Q @ el
3, 3 3 g e b
5 o o +=
@ L (5 hy W -
7 TR =g 2
(SR T RS =
T B =
PR S £ =
E 8 b
o LI —
> 3038 =
E=I - ] ==
— =
ISR TR 1]
nU8noL OV
Sa8zg8al8 11 _
ot -
=T R =) H I
<4 » B JF-
i
3
NI R ©
; it =]
g

(@]
[@]
—

Nx ‘IaqunNU 2ABM

wo ‘v ‘yzBustonBp

46



/cmd

ions

TfPartlcle density,
n:

w, radians/sec

strength, 103 gauss.

90°.

wave propagation angle,

Wave propagation angles, 0° and 900; Astrom's model.

frequency.

47



Wave frequency,

i
|
|
|

Lower’ hybrid frequency,

HE

Uppg% hybrid frequency,

oo

Dosl
Upper cutoff frequency,

o
Lower cutoff frequency,

W,

A
AN
v
v

Wos2

i

10

—t
Q
—

s}
[}
—

Ex “asqumu oaep

wo

Y ‘yjIusTsaey

10t

(d-3) Magnetic-field

mode;

S

(d) Continued.

Wave number as function of

- Continued.

Figure 1.

48



Particle density,3
n

3

,
/cm

lons

1033

10

w, radians/sec

strength, 10* gauss.

90°.

wave propagation angle,

0° and 90°; Astrom's model.

Wave propagation angles,

frequency.

49



&
Dg1

)
Wgp

Posl

@og2

- - - - wwnl
5 B By By b K
- T TR T o Q (o] (o) i e T - T —— - \Wm‘\t\ =
E g o £ g N,
- [ [ (] (5 . T
—_ — 3 3 3 3 — - - =
o T o o -
[ [0} © L
I TR T 7
— e e e G G4 W & e e e
T " G
- P G G
1 ot [o] (o]
n Q a « R S
= > B o303 = -
— 3 3 -
& nsy
L i
=8
&} 2
a D

Lower h;

Upper h;

[1INTINH

PSR I

S

S3 “aequmu eamp

1071

wo

‘Y ‘yjBusTroaep

102

i

lo_3ﬁﬁﬁﬂml
108

Wave frequerncy,

c-field

1

(d-4) Magnet

mode;

5

{(d) Concluded.

Wave number as function of

- Concluded.

Figure 1.

50



|

EQ
o
0n
o
@
kel
[
I
5
—
+©
9
o
A

i

w, radians/sec

strength, 10° gauss,

90°.

wave propagation angle,

Wave propagation angles, 0° and 90°; Astrom's model.

freguency.

51



2s

Wavelength, A, cm

— 103 : :
: ' 7
- /
//
- 109 A
- + 7
— [ L
T //
0-
10% — : //
e /
NES 10 } /
L ! 7
- ~ ‘ 7
3 /
g /
-
_ S
- /
_ g 10 i : T /
— i /I
1 ‘ 7
100 — { 7/
B /
10 /
T t I Vi
! L . VA
- ! : /
—t 7
_ w /
- f /
- 10-2 .
T YA
—_— /[
1027 7
//
10-3 . ‘ ‘ - /
107 108 109 1010 1041 1012 1013 1014
Wave frequency, w, radians/sec
(a) x-component.
Figure 2. - Wave number as function of frequency. Wave propagation angle, 0.1°; magnetic-field strength,

104 gauss; particle density, 1013

lons per cubilc centimeter; Astrom's model.




es

10% ; — o .
I/
1071 — 7
/
/
- 103 /
‘ 7
1; Il
- | yd
i 7
- [/
- . I
- ! e
— { I
0 7 H
10 7/ /]
]
g _ 1 ,/ J
< w 7 i
- - N y4 1
] 3 7 I
g -5 4 |
CO / I
@ - = 100 — :
= _ = // T
10t — 7
o , ,/
T v
i Ve
i —
- [/
- |
- 1072 l/ + -
E; 7 =
4
2 . 7
10 — ~ l[ ‘ i
. /(,5 O ' . Coe it R
N I O 07 O O A A Y I S A
108 107 108 10° 1010 101t 1012 1013 1014 1015 1016
Wave frequency, w, radians/sec

(p)

Figure 2. - Concluded. Wave number as function of frequency.
cle density, 1013 ions per cubic centimeter; Astrom's model.

z-component.

Wave propagation angle, 0.1°; magnetic-field strength, 10% gauss; partl-



¥S

cm

Wavelength, A,

10-1—

Ylave nu.ber, ki

l{g“ {J'_rl {% =}==EI }{ FAwi T R I T T T T T TI1T ‘I ;
B 14T 1T JEER I T Resonant Magnetic—
o 104 102 102,10% 10¢ frequency, fleld
I | ; : ’ radians/ strength,
' T — i i | sec s
i L " gauss By
5 N o® 102
10 A il 104
Cutoff
frequency,
i radians/
! sec
102 ; ; v o
v %o
SRR 1
: I
10t /
Il
i
7
/
7
//
100 +
7
7
7
/
/
//
1071 /
2.
7/
r
7
/
/7
10-2 i
/A
rd
/
! —10%
A ] L
0 =~ —_
/ ! ;,/ ==10%,10%
. AR
108 107 10° 20° 1010 1011 1012 1013

Wave frequency, «, radians/sec
(a-1) x-component.

(a) Particle density, 1011 jons per cubic centimeter.

Figure 3. - Wave number as function of frequency. Wave propagat!on angle, lo; Astrom's model.

1014



Ss

Wavelength, A, cm

16% . " x
{ud b ol

e f % ; >
B, 'lZ' 1 > i : . A
10-1 — sauss 10% 10 1T "10 // { I
: 2
BN ~—10 [ -=10%,10*
104=T /
7
)
7
- /
//
- 102 ,,/
7
- 7
0°Z /
10¥ — 4 — —
J' ||
HRRERRR T
Resonant Magnetic-
— 101 v/a frequency, fileld
N 7 radians/ strength,
| //[’ sec B,
b ; I 7 uss
g ] 7 &
< o 2
- = / l A W 10
3 g .
- " 7 A W 10
- 90 0 jé il
o= 10 4 S=10=—=  Cutoff
- = Ve i frequency,
- 7 7] radians/
10l — / BA I’ sec
a1
/ e

L v Y

' , /I I i
7 i3 Te

-2
_ 10 J/ i // / I
- p i ¥
102 7~ It
/7 4 / | ‘
4 / ‘
Al | il
10-3 | l ‘ l ‘ l
108 107 108 109 1010 101t 1012 1013
Wave frequency, o, radians/sec
(a-2) z-component.
(a) Concluded. Particle density, 1011 ions per cublc centimeter.
Figure 3. - Continued. Wave number as function of frequency. Wave propagation angle, l°;

Astrom’s model.



9s

cm

Ay

Wavelength,

10~}

Wave number, k}%

10 g 7
7
7
7
109 B,
zauss 10% 104 102,104 102,104
10° R ‘ 7
r ; . ‘ ‘ ‘
; |
102 : -
r VA
N A
7
/
//
10t . . ,
Il F I l,
I 1 1 . i
4
7
‘ //
100. l : ///
T T ll
4 H s
T 7
7
/ Resonant Magnetilc—w—
] / frequency, field ___
7 radlans/ strength,
1 / sec ,
107 3 1 ” 2 gauss =
f ] F o
. ll I' 1}' - A w® 102 -
] I ﬂr_loe a o ot —
. / il &/ Cutort —
/ / / |4| ‘ frequen;y,
o / -10 radians _
10 v ya 1 1 sec —
— I' jl ‘l’ 1T 2 o
: Vd y SDEN I F10 2 -
I ‘ 4 F4 ul VARBBU I = 25 I v %o 104 _
- = 7 . W A—— v % 0t T
' ya /10t TFTT '
10~ / / ‘ H v/ i
106 107 108 109 1010 1oll 1012 1013 1014 1015
Wave frequency, ®, radians/sec
(b-1) x-component.
(b) Particle density, 1013 1ons per cublc centimeter.
Figure 3. - Continued. Wave number as function of frequency. Wave propagation angle, 1°; Astrom's model.



1013

- HEET S =i i ] i
H o .
Mo T 1 1T 1 1 Il
o 4 - A . liifpw
S anmmitisR ARl IR 1.
F atn el 2 o D 40 V‘% =N -4 y lm
A + SHEa b _H E e T —
St T PSS = : i\ o —
e ] Il 1.n AN
S = N il _ N M
e T~ o aiin
R i R kS - K -
i EMM‘: | I 3 o —
T M TS i 1=
i T f . f f 1o JTh f .fh_. !l ﬁrr ail ‘ |
N
/ o
UL 4 N, e
SEES SRR =LiE = S ==
e T - i B i
WL W] \ ]
L] N
luln_uﬁlm -~ \H/’.HIH.WJI/ R S -1 / I S0 e i ey B SR Qum
i TN AN E=
. IL i N
ANl B * NS
ﬁ 4 “ M
i / / +
Ly SN ai L UL | //// 11 |
! Amu M T n_u n: 1 wAllJ F1 —— m
=TT o B C T T s S A
Edie = 2]
”frﬁuﬁ EEE I R | N il S
it | I !
|B:m fir thm/ W/ / - y\\1}70
AR S SRR g0 N I3 1
B! L1 - [ ST =1 “ g / {4
T 8558 s s S350 I e O T ¥
H 29T n 838 32dnm L N
ﬁ =88 &8
1 44 > > Bl ™
| D T
— o ~
E E 5 E E 5 5 5°
mx ‘Ioqumu SABM
| cola | i | S I I I | oL
m % E S
wo ‘N ‘ysBuaTasBM

Wave frequency, w, radians/sec

(b-2) z-component.

Particle density, 1013 ions per cubic centimeter.

(b) Concluded.

Wave propagation angle, 19;

Wave number as function of frequency.

- Concluded.

Astrom's model.

Figure 3.

ST



8S

cm

Wavelength, A,
I
Wave number, k)zc

10t

= 7
7
7
H 7
/
4
5 _~10°,10*
10
i
- ‘ /
B
Mgauss 10% 10 10° 10317103 10% 102,103,104
2 /
10 7
H i
z
Vi
/
/
| /
10l T + 'I/ :
e a Resonant  Magnetic- =
M ; P frequency, field s
} ) radians/ strength, -
/
it sec 3 -
i i / gauss
0 ‘ / A o 102
10 e £+ a o 0% =
71 =
/ Cutoff -
1 I rd frequency, -
i / radians/ -
sec -
/V
2
107t 1 ! f v oo ;}84 =
] Fiz 10 v__ % e
I I 3
i i
AR Enng
I
A )
10_2 " 'r/ 1} 105
A L L Pl
z. Z. 77 1T
: V4 {// F1
| 71057 02
1
/. /[ _[ Il
} / 041 . / [~103
10-3 \ ‘ ¢ 1 Nho L] 2
108 107 108 109 1010 1011 1012 1013 1014
Wave frequency, w, radians/sec
(a-1) x-component.
(a) Particle density, 1011 lons per cubic centimeter.
Flgure 4. - Wave number as function of frequency. Wave propagation angle, 10°; Astrom's model.



6S

cm

Wavelength, A,

101 —

102

Wave number, kg

104y — e -
N T T 1T | 1 T T 1T fa T 1T T T r 4 |
- T IEII TT17T ! I? };: 11 ||21|lll| | - A |
- s T3 4 1102 | N S IR N 5 S 3 4
gauss——10 10 10 L | S Bt 10°,10%,10 ‘:
fimis /
| I
102, 10%—- / T
108
Il
102 102
v 4
Z1=H102,10%, 10%
y
// Resonant Magnetic-
10l frequency, field
f radians/  strength,
| sec ,
} i gauss
| | A o 102
/ ! / a o 104
100 / / —}  Cutofr
' " s v/ b 4 —]
o 7 HH==110" frequen;y,
4 J /d i (AL radians
/ ri /i 105 sec
/ : HE
7 I - 108
X y / ,/} v @ 10
10~ v yi — - :
v 7 1
7 7 1
A A / ]
/ / /
7 717 )
7] /" —10
// V
1072
/—F I
7 I I
’ @
/ 4 il 3 "
v re 10 10/ 10 10%
/ L ST o T
108 107 10° 10° 1010 1011 1042 10
Wave frequency, w, radians/sec
(a-2) z-component.
(a) Concluded. Particle density, 1011 ions per cublec centimeter.
Figure 4. - Continued. Wave number as function of frequency. Wave propagation angle, 10°;

Astrom's model.

13



09

cm

Wavelength, A,

160

Wave number, k)2(

4
10 7 . A
7
I VA
A
102,10%=
103
r B 3 4 2 3 aff, ¢
[ gauss 10 10 10 10 10%j10
| /
102 : /
y 4
y i
y i
V4
I
/ Reéonant Magnetic-
101 J | | ‘/ frequency, fleld
1 T 1 —f—— radians/ strength,
f ] i 10% — sec s ‘
] ] I /i gauss
|
/ / / ' A o 102
/ ; A o® 10% .
)
0 / / / l/ Cutoff
10 e o— uto
7 7 7 fb=—10"= frequency,
A # H1=E103H— radians/
// =7 1 sec N
J / |
/ // P v o, 102
104,10 ot
/ / ot v '
1071 / / ,/ e !
II ,I /I i 1
P // /,
VA yd /
L/ “ / - ‘
/ / / i
10—2 - 7 Z ;
// // //
7 | vl y 4
A 2] Vd
A
108 107 108 109 1010 1011 1012 1013 1014
Wave frequency, w, radians/sec
(b-1) x-component.
(b) Particle density, 1015 1ons per cubic centimeter.
Flgure 4. - Continued. Wave number as function of frequency. Wave propagation angle, 100; Astrom's model.



cm

Wavelength, A,

T9

4
107 | re 1S 7
7[
-1_ 1 !
* ' 10°= /
BI N 4 /
gaus t 4 ~10 /
N~ 1 A2 4
_ 103 ||H H | /107,105, 10*
103 10t 109} 10° 10t 7
- f ] ya
| ] | ‘
- | | / !1
N 102 / / / 4
- r i ra I )/ &
yi i 1 y, ¥i
- 7 / #
1097 7 7 7/ BR= b
/ / VH’T I
/ / i
3
. / / / VIR L,flo
- N 10 1” I/ 7[1 “.
- 7 7 va T
- / 4 /
- 5 7 /7 ] ) 2
2 / / / I ~10
-2 ,/ / - ~10%
- »
_ > o //// [///
© 10 — —
= Z —~ s
— ya 7 ya
y4 4 It T
10! 7 DS
] /
’ = i |
4 1
_ -1 //1/ //f/ ‘)/ Resonant  Magnetic- | I
10 7 71 =7 frequency, field 4] i
~—+ 7—+ i radians/ strength,
- 71 77 see ;
7 ] 7/ i 7 gauss 10t
B / [ / [ a o 102 i
i /[ /S ]/ & ot
-2
- 10 ;i ——F Cutoff
= f—F frequency, - 103
102 77 77 radians/
/ ) / \ sec
T
A v @ 102
4
[ 10
10-3 / '/ v ° &
108 10 157 10° 1010 1011 10%2 1013
Wave frequency, o, radians/sec

(b-2) z-component.
Particle density, 1013 1ons per cublic centimeter.

(b) Ccnziuded.
Wave propagation angle, 10%;

Figure 4. - Concluded. Wave number as function of frequency.

Astrom's model.



29

cm

Wavelength, A,

10% , ..,. o o e _— — .
: B’ H 11 1T ||l|2 { {} } } { ! !
FgaussH103 10* 10 1093 =105 104 ra
10-1 7
103 ; E L L -
F£102 103 104
ot e jy*lo ,10%,10
Z{
- ‘ /
- 102 ‘ 7
L
- y A
- I!
100 — .
an "(
X
1
- 10 4
5 = ,
. j’ Resonant Magnetic-!
oW frequency, fleld
= ¥ 4
N j radians/ strength,
! I I sec B,
- é } ‘104 gauss
: 4
- B 1 j ==& s o e
- % ‘ II’ ]l, J If 2102,103, A o 10
10l — = 7 71 10— Cutoff
! frequency,
/ /7 ‘VV/I radians/
/7
-1
- 10 1 2
1" /" l’l 1/1" " ! v o 10
7 7 1= b 2 [ v ® 10%
- ‘ 7 7 /T 1=10 [
‘ 17
— L -
. ’ / ava:
~ 1072 Z —~ £—F
— pd + .4 V4 A T
—_ H 7 I 7 I f
- 7 ‘ 7 7 1
102 7 1 7 /7
— 7 /1 S —
-/ / /]
/ / am £
10-3 V4 ya hv4 \vd

108 107 103 107 1010 1011 1012
Wave frequency, w, radlans/sec

(a) Particle density, 1011 1ons per cubic centimeter.

1013

Figure 5. - Wave number as functlon of frequency. Wave propagation angle, 450; Astrom's model.



9

Wavelength, A, cm

102

B

2
Z

or

Wave number, k%

2k T T 7| T yrrT n_
il T Ak y - i} T
i AT T
[ T i T
as T

= I ; s
T T 1.l T I T T T
N I f i T 7T
i T 1 T ! F AL
T T T ] T T T
.5, — - I £ 102 103, 10%
-gaugs——-10° ST T 103 104 104 // 10%,10%,1
— | —
e/
2
10
108 S 7
= £ ]
- = e F10° 2 F
~ !
. I' ,//
102 J Jl F—0 .'/
1 ¥ I 1 Vi
v s 7 { T—/
T 7 1 T/
I ] | /R
f / [ /L
/ / / I~ L\Ol - Resonant Magnetic-
/ / / 103 j’ RUE S frequency, fileld
101 A ) AN i E e radians/  strength,
ya ki’ 7 | — a7 bane sec jummem—
I, /.l Il HII 1|3 au.:ss po—
7 ya 4't[ﬂ" & e —
/ y4 /7 10%
7 V4 7 T T A w08 T
/ 4 / [ N @ 104 -
4 / / r Cutoff
100 /[ 7 7 I frequency, po—
= = = radians/ _
Z Z Z sec —_—
[ /,!’ 4 4 ,
|/ / / M ot
v o, 10
. V. __/
10 # =
A | A ) 7
7 71 v
AR Z ] V4 |
71 y A 7 N B
/] /] Lol |
/ / / / / 104~ || _4-102,10%,10%
1072 / / / / a== Lt
&= va i 7 ya HH I Jpemdin
vi A 7 7 I =10
7 7 17
;7 ;7 105 :
77 /7 o ‘ ;
. ) ! [ )
i /./ , /( / . | . ' Ly [‘i i |
W VA il | et il 1] I
S AY AT A7 [ T W IR R AN e L
108 107 108 10 101 101t 10%? 1013 104 10%5 1018
Wave frequency, w, radians/sec
(b) Particle density, 1013 ions per cubic centimeter.
Figure 5. - Concluded. Wave number as function of frequency. Wave propagation angle, 450; Astrom's model.




cm

Ay

Wavelength,

100

Wave number, k%

104‘ T ) W ) L. I TTAN —— — I i - I A - T i rAYS T ¥
B T 11T 1T 1 T T T 1 1 T L) { Vi
gauss 107 104102 10510t -]102 H 1103i llo4I —t
! ! ITT T 1
[1] 1 [ [ 1 L
; ! ¥
] —_
i
16° F10°,10%,10%=
1 i
7 11
/ =
/1 !
r104/
W
i 1 "
2
10 i
: H II 1 PR —
[ 7 102,105, 10
—— s
| /// .
10t ; 5 3
} & Resonant  Magnetic-
! i ‘ /;/ frequency, field
7 radians/ strength, -
] | / .
sec s
/ | / gauss
/ / L aw
— e e N 104
7 — )
7 y Y71 Cutoff
/ /] y i frequency,
/ / / / / radians/
— sec
4 /]l
] 7 2
10-1 / y / - ‘ v 9 10
- 7 7 1 ; w 104
Z 71 7 71 v
v 7 ya ' N i
J 2
/ ] / / / %83’ I l
I / I / / / -1 104"
2
l/ 1/ [/ ] [l
1072 7 = / /
| VA y .4 7 Vi
17 17 / 1
/4 174 7 f
yd 4 / [
7/ /— [
// // / 104/ 10° 1102 10*
103 o eI o]
10 10’ 10% 10° 1010 1011 1012 1013
Wave frequency, w, radians/sec
(a-1) x-component.
(a) Particle density, 1011 {ons per cubic centimeter.
Figure 6. - Wave number as funzticn

of frequency. Wave proragat’on angle, 30°%; Astrom's modei. I_*




59

Wavelength, A, cm

10—1 —_

Wave number, k%

4

10°A e
e Z .
A
‘ 7
r 7
Y
/
I i
i l ] | ; } ,
) =1 T |
10° :gauss =103 $————10% +—10 10314104 =——102}-|10% ——10% t£102,105,10% ———
.In'
; 7/
| 7
. //
102 ; /
L Il
ri
7
7
J
/]
101 -
: —
I (-
| -
_/ Resonant Magnetic- ——
| ! / frequency, field
i ) radians/ strength,
sec R
10o T gauss f—
y i [
7 A a® 102 =
/ A [N 10% —_
|f Cutoff -
/ frequency,
_ radians/
101 fl ‘,' sec
T N "/ A
1 1 y/ i 2
— i Cow o
w 10
] I 7/ v
A A/
ya ya =10 104
yo 7—F 7 03 od
|
‘ 7 71// 1 II TT20%:20 |
LL * // 104 {/ 10% 1
st LI | Fic L1111
106 107 108 10° 1010 1011 1012 1013 1014
Wave frequency, w, radians/sec
(a-2) z-component.
(a) Concluded. Particle density, 101 ifons per cubic centimeter.
Figure 6. - Continued. Wave number as function of frequency. Wave propagation angle, BO°; Astrom's model.




99

A, cm
Wave number, k%

Wavelength,

104"{' i %ranB i === ESE B! vui“‘l-‘ :I‘lq—r{:ri'ﬂﬁ‘—*'ﬁ'rﬁr" e s T —— i ;
— - e -1 1 7‘ T . T
— Fgauss 104 :::182 i 108 F{g - 104‘ - 10‘@ H—- Z:Logl,lo3,1o”‘tw 1T ]
P ‘
- N T H

s T e e

M RREEE]

¥ - 1. T

-+ T T 1

if**' 7 1
. [ DUNEY S SOV SN

/ﬁ Caegee -

Resonant Magnetic- .
frequency, field
radians/  strength,X

- sec B,
Ty T gauss
O S a s 102
U U U A o 104 ——
Cutoff
frequency,
radians/

102
10t
P4LE
T
jui
ST
i hn S
i
o e
e e e )
~10%,10%,10%
P
AT
) s i b epapsenlinie i inpase
// // JE O
// 2 e e
10" 107 10° 109 1010 1011 1012 1043 1014 1015 1016

Wave frequency, w, radians/sec
(b-1) x-component.
(b) Particle density, 1013 1ons per cubic centimeter,

Figure 6. - Continued. Wave number as function of frequency. Wave propagation angle, BOO; Astrom's model.



19

em

A,

Wavelength,

1071 —

l

KR

[
o
(i

K2

Wave number,

4 _ L :
10% o — e e e e 1w I e
_“LBI i }H‘ff:| bt Sl é]Hi vﬂmfr} I/i T HH ;
- oy S ——— =
“gauss —— 10— 10t~ 102 - T103[ < 104 FF T —"] 04 —£102,103,10%
- T 2 3_
,10
10%
102
R
RIN
T
Resonant Magnetic-
101 —— frequency, fileld —_—
radians/  strength, —————
sec B, e —
gauss -_
w® 102
w® 104
100 Cutoff
7 frequency,
7 radians/ JR——
7 sec -_
/ wg 102
/ we 10%
-1
1o =
7 7 T
I 7 1
17 )
a—
1077 A //
. ya ——————
7 27
77 77
/ Vi -
77 77 7 ] :
‘\;/ / L // ; I — e } J10t - e e L
10-3 IHH“I /IA&L‘H/ [T U LL;.LL&M U S A RN E YT 1114’_““ I |H|||H,| }i““”
108 107 10° 10 10 101t 101 1013 1014 10%° 1016
Wave frequen:y, w, raliuns/sec
(6-2) z-zcmponent.
(b) Concluded. Particle Jdensivy, 1013 tens Ler 2ublc centimeter.
Figure 6. - Concluded. Wave number as Tunction cf Iregue viave propagaticn angle, 800; Astrom's model.




X}
o - q —~
S PR B 409
] ] LT 1 ﬁ g ] .1
[ I L
| - . g i Hi i
1 - W
(4] =)
A4 LD 4 g Wil B
- = -4 y LT 0 1 7
. OH S Am oo SRR 1
— guegmzs O O ol 1 -+ -
Lo BaETE AR A=
- | R A B B
o 2 By
HiF -t [ RPN S M
a0 G 0 <«
30 g LoRoR-
- LJ 3@ o0 03&0 4. —
L 0o 0 8 8 O g S I—F—1 0o
A O 1 n OT n 38 S0dan o .0 1 1T 1=
SR IR SR 33 ] -
- o6 Lo = A I
T ” T ]
H «q > >
i

0
—
14 - ©
o O ol M —
HEse sy w g 58 #
L] _ 4 i -
sl
erﬁﬁm L/ i _ L L1 N
[ ”_ lo
1SRN | ) 9
HHA 1 - % ;Im -
+ 1 A &
t i T -
- ¥ +
S Tanamm + -t 14 r bt
N i o f{\
Hif ,ﬁ Ry [
—
HHH -+ 444 bt S L 1m
FH e ] P 14 E
10 D TN - T 1 11 L 4 4
F TN b T %
- T S
i SRS o Hi et
J i I ] luli
/ ©
///ﬁ///l a4
= _ W ,..VW ~
it 4
] ]
T i COHE T et
-+ 4 - Llll[ ——
HH " 44 H A
. i )
= | i £ ] 3
mnmar O 113 B
Py + T . po = 1 -
Bt 4 AAV 4 | Tl
1 + ,+ t - /
©
GSIEEES HH T fEEad =
t —HiTy T 17 1
hEENEEN T T 111 B
4 Iy LIII.//..nI 11l N
(1A E TR
1 N
L] rrJﬁ - )
HH H )
; 11
IHERE H
H—4 i I - |
[T
— (o] —
o © |
(=) — o
1
wx ‘Iaqunu 9ABM
Lo o Eoo il Lo
—~ [e] — 4]
1 ° o o
o = — —
=1

wo ‘Y ‘y;JusToABM

Wave propagation angle, 890; Astrom's model.

(a-1) x-component.

Wave frequency, w, radians/sec
(a) Particle density, 1011 jons per cubic centimeter.

~ Wawe wmimhan ae funntinn of frequency.

Flgure 7.



69

cm

Wavelength, A,

10-1 —

Wave number, kg

102 =t r ,/
A
T — T -+
/ ; :
7 Lt | N 1|
; - S / P
o Resonant Magnetic-
101 [ T S U velocity, field ___
T — Bl b maad T i radians/ strength, ——
T y.i gth, ——
L 7 sec B, .
— [ 7 gauss —
‘ 7 -
/ A o 102
. —_—
/ a o 10*
|
100 ; 7 Cutoff _
7 frequency, p—
i —F— radians/ —
[ 7 sec _
. / -
| /- v ®, 102
4
/ v @ 10
1071 L— 7,
iy S
7
K
A
// -
1072 I
= 1 — —_
e/
1040
Yy
+ PR i
‘ T I 11 j '
-+ — 1 2 - " R Il
Y A TR T I I T T | i
10-3 | lil 1 L il | || d 111|&L 1 1 1' L |
108 107 108 1c® 1010 1011 1012 1013 1014 1015 1016
Wave frequency, w, radians/sec
(a-2) z-component.
(a) Concluded. Particle density, 1011 1oms per cubic centimeter.
Figure 7. - Continued. Wave number as function of frequency. Wave propagation angle, 89%; Astrom's model.

-



0l

cm

Wavelength, A,

2
kx

Wave number,

10% % 7
y 4
7
B, 2fl. 4 4 2H 4 2 10%HH
gauss 1010 10 }O ™10 / 10%,10%
103 ; 5
J
T ll[
w ' iy
, | ol 7 }
o ! Co X
2 ‘ L L / /
. === = ' =
e = i
NI - I/ ' T
11 { ‘ ] T 1 =10%,10%
i i 1t .
| | / H - F L
! f | w T ! | .
10 : £ ) gaates i :
=7 —F I i ,' i I
i —7 ! j 1 I I
AR 7 : ! ; ! [
s i/ ! ‘ ‘
+ t } T -+ +
. AV ] i L
I ! [ t
l I
i
100 v s t f
f i 1 & b4 1
' ré 7.
777 T v ABEN ;
Y7 y A
AL — I /110 ‘ | !
7 S| 7" T
/YA RN [ L. ‘ |
// ‘ /A Resonant Magnetic-
-1, Y. frequency, fileld
10 :102f e ra radians/  strength,
y AN § i VA sec
VA i Vi 2
77— X i 7 gauss
T i ' ! A2
/7 S S S R s o 12
; — A a® 10t
i H
1072 - y | Cuto?f — 1
10% = £ 104 frequency, 10% :
rH v 4 radians/ ot
1 7 sec
R /[ 5
[ ; / v ®o 104 !
-t 1
{ |y /4 ‘ v %o 10 il i t
1073 NSS! s Ll i vl § 9
108 10" 108 10° 100 1011 1012 1013
Wave frequency, o, radians/sec
(b-1) x-component.
(b) Particle density, 1013 ions per cublc centimeter.
Figure 7. - Continued. Wave number as function of frequency. Wave propagation angle, 68°;
Astrom's model.



A, cm
z

Wavelength,
Wave number, k2

.

— e EcEE 7

_ - ; LI B 7
T o : e
R N el . SR S O
B ol 14
5 gause 102| [10% 10t 102! ‘104 10%,10%
103 == . s ,,,
7
/
7

Resonant Magnetic-
frequency, field
radians/ strength,
sec B,
gauss
w” 107
[ 10%
Cutoff _—
frequency,
radians/
sec
g 102 —/—=
@ 10t =

[ ;
I ! : J
—t -102 104 e — “¢.104 e ilO4 IR e v —
1073 Ll Lol Tiilml L i igl G 1 Lot Uﬂ ‘ 1
7 10 11 12 3

| N
108 10 1c® 18 1c 1c 10 10 10t 101%
Wave frequency, u, radilans/sec
(b-2) z-component.
(b) Concluded. Particle dens!ty, 1013 ions per cublc centimeter.
Figure 7. - Concluded. Wave number as functlon of frequency. Wave propagation angle, 59°; Astrom's model.



2L

cm

A,

Wavelength,

104
ri
II
10-1r
! // K
— 10° I / g t
t s
r
- . —1 A
S +
- I ]
//
- 102 I I : ﬂ/
— f f T
z 1 1 111
100 I I 171
/ i i
C e/ / [
o 10 7 / =
7. r4 1
- 7 7/
- & // /
o !
- 5 / /
- s T
- 2 0 / /
- § 10 #1 /
— Vi
ra
101 7
//
L e /
£
Vi }
7
- 7 R
// Lo
- 1072 /
- = —— ST = :
-~ 7 T
102 7 .
//
1073 . / _ j :
108 10 10° 10° 1010 10t 102 1013 1014 1015 1016
Wave frequency, w, radlans/sec
(a) x-component.
Figure 8. - Wave number as function of frequency. Wave propagation angle, 89.9°; magnetic-field strength, 104 gauss; particle density,
1013 1ons per cubic centimeter; Astrom's model.



¢l

Wavelength, A, cm

107 —

10

Wave number, kg

103

102

101

109

1071

10-2

-3

il

10
106 107 108

Flgure 8. - Concluded.

109

Wave number as function of frequency.
10% gauss; particle density, 1013

1010 1011
Wave frequency, w, radians/sec

(b) z-component.

1012

1013

1014

Wave propagation angle, 89.90; magnetic-field strength,
ions per cubic centimeter; Astrom's model.

1015




%l

cm

d,

Damping dlstance,

T T T T 11T T
Wove Lropaiatt
le

T

[—

I
o

T T T T |

R

an . . o L
- N LT P {
‘ B — ‘
= = -1
10l g = = — =
- i \ i | First solutlon
- 10 _ o i o i of eq. (1) o
- I \ j l ———— 3ceord solution
- - of eq. (1 —_—
‘ RN - o ed ()
- _ , [ I ] Il
- N - R ] RN ||
- : e e — 5
-1 i I et e i - s T DT i
-10 i 71 T
N’
- 10
- il
il
- |
i
7 1
5 o [
107 — -10 s T
" / < i ]
_ ¥
_ oy /
! 1]
g - } I
o f
~ =
5 -1t 7
r 3 — /lx
e /|
== = 82.9
B (e ) T s * 2”1 lss
=0 node 4 e 180
7 T ey
{ v 1 ILTC £9.9 ~ IOI
1ol R f —— 7 i
- l I I D Il
l '
- T
- l |
- % 90 (3 mode) } |
| —
3 =80 | =80
_ -10 o i T
89 s
| +
- 89.9 I
1072 — -104 ! = 7
- 3 - a - B :
10" 107 10° a 100 10 1017 1c1? 1014 10%° 10
Wave frequency, «, radlans/sec
(a) x-component.
Figure 9. - Wave numbers in Imaginary (nonpygpagaﬂng) region as functions of frequen.y for various oblique angles. Magnetic-field

strengtl., 104 gauss; particle density, 10+9 lons per cubl: centimeter.

16



gL

cm

d,

Darmping distance,

_ -1073 e T
Wave prcragavicn / ’
angsle,
- 8, / " !
de - J
e / ‘l !
! =9
1
100 102 — 59
- / Pl First solution
- o / of eq. (1)
- I o / l —_———— secgnd solu‘)cion
- [ /1 ~ / | of eq. (1
] 4. I ]
/ ; T
- 17 I 1
17 M -
~10-% H/ it 5IC
o |
RN |
) |l S A
g Ll
o9 CEHIE N 7
G (L rode)= Y a
100 169 = }
— an - v
D ¥ | N ]
- S: // A i
- g \ // 4o
- E ~/ S
2 2 A I
Il
- o T ! 40,20
> 1 T T T
-8 -10 | ] 0
r /
— 80 i
1
i
7
I I
L4 1
-1 ) i T
1007 — -10 i 50 i
- | [t
z ]
|
- I
— ‘ : i
L i +
N ~103 ———mS St T i — ==
My
T 1T
J 0 (R mode)
!
107% 104 H— I
108 107 10° 1F 1610 10t 1012 1013 1014 1015 1018
Wave frequency, w, radians/sec
(b) z-component.
Figure §. - Concluded. Wave numbers in Imagirary (nonpropagating) reglon as functions of frequency for various oblique angles. Magnetic-
ions per cublc centimeter.

field strength, 104 gauss; particle dersity, 1%



76

Resonance frequency, oS, radians/sec

1012

o3 o
—{—
ay, e L N~ &EF
cr-éé%fzzzl O— —a w_,
w
e
55555\“~\\\ Particle density,
loll \1:]\ n, -
\\ w°2° . ions/ em® ]
‘\ J -
\\ @) 1011 n
\\ O 1013 —

1010 ‘\\\\3?

/‘ :
s
o

109 \
I |
\
i 1
q .
)(Dsl
gl el B oy |
10 S TE
| \
\
Q
\ -
107 ]
0 20 40 60 80 100 120
Wave propagation angle, 8, deg
(a) Magnetic~field strength, lOLL gauss.
Figure 10. - Resonant frequency as function of oblique wave propagation

angle. Astrom?s model.



Resonance frequency, w®, radians/sec

1012

1011

1010

108

107

106

S . ] | 1 m—
— 1 T _——T Particle density,
. n7 3
L 1 | ilons/cm —_
—t o 1011 A_T____
2, T | o 1013
S MR —— — w, ——f ©s2
®3
%ﬁk 1 =1 - E
I ’%t_:i,_~ R B
A - - -
“»‘_A —__“—‘D%) -/4— Lee)
w, % —4 D wgp
. —r— | — - . | -
me :::::N“-
R 7_¥f\\\\~\fk\\\‘ .
i o s W =

3 0 ——
Pag1 T
—= :
R N |
i ] )
- — =
L N N —
S R _ A4
Bcy of
e oy = .
I F:i; AU ’
N R B | |
LT ~ S
A o _
il
0 20 40 60 80 100 120

Wave propagation angle, 8, deg

(b) Magnetic-field strength, 103 gauss.

Figure 10. - Continued.

lique wave propagation angle.

Resonant frequency as functlon of ob-

Astrom's model.




78

ns/sec

rad

o

requency,

o

Rescnance

12

10
«
Oo— -—— 0o
1011
_f, .
| @z | =
lo—— — >—aD .5
c10|
“e_ |
| o
-
o — \\
Particle
— density, T— -
n, o
ions/cm
107 101 o
L Hay
—
\
7
P
o
®, a
c1 1
108ty o g
Yo M 1 N S N
o] 20 40 60 80 100
Wave proragation angle, 6, deg
(¢} Magneile-Lield streng'h, 102 gauss.
F'gure 10. - Concluded. Resonan® fregiency as func-
tion of obligue wave prcpagation angle. Astron’s
nodel.



6.,

Phase velocity, U, cn/sec

(]l2 - _——————— ——— . .

RS S S G

“Parsiczie derns

oY)
- tens/end

1011 - -
1010

10°

108

107

108

L - TN TS T ST e Tt e s s e e _ M :
f i s i : : ' |
1051 i ‘1 Ll [N BT TR S VO R S S U O S S SO R AA:lML“_,l_L}ALdiu ,_l,l_LJLHU_;
108 107 1c* 10° 10:° 1oli 12 1013 1014 1015 1016
Wave frequency, «, radlans/sec
(a) P mode; wave propagation angle, 9CO.
Figure 11. - Prase velocltiy as function cf wave frequency. Astrom's model.



80

1015

1013

1717
e
1T

IR

T
Particle density,

i mmanns

T

RS

3

il

n,
ions/cm

1012

b b

|‘IH

1011

I e
. 1
}
M{ I 1
o+ — -
: B S I
BRI RS i
0 0 O R | S R T R
L A i
44 . | | 4
i +—t -1 T 1
| — M L 111
L1 I~
11 N 1L _
RERS 1 s HgTL 0 S 1]
Ll j
S R SR 1 O S H - f T
[ 1 A N O

[es]
o
—

109;

o88/uR ‘n ‘Ay100T9A 9seyJg

1016

10%°

\
1oi4

1013

1012

1011
Wave frequency, o, radians/sec

1010

10°

108

107

107

108

10°
108

b-1) Magnetic-field strength, gauss.
(v-1) Mag th, 102

(b) L mode; wave propagation angle, 0°.

Phase veloclty as function of wave frequency. Astrom's model.

-~ Continued.

Figure 11.



18

Phase velocity, U, cm/sec

1012

1011

1010

10

10°

N e r—— — ——
s T I p—

T
1
Particle density, — ——— T TR T —

n,
1ons/cmd I

10t5

ey il

U.)Ci T

108

I I R R A

107 108 10° 1010 1011 10t
Wave frequency, w, radians/sec

1014 1015

(b-2) Magnetic-field strength, 108 gauss.
(b) Continued. L mode; wave propagation angle, 0°.

Figure 11. - Continued. Phase veloc'ty as function of wave frejuency. Astrom's model.

1016



28

1012

1011
(9]
(0]
[
B

3] 109
=
=
3
-t
(e}
o]
3

= 108
[
n
4]
£
Ay

107

108

10°

= e
BRRAI PERSSOUSUREE S i una DR R O U
1 Farticll’e1 density, . b 1= . T
B e e 2 - - "
tons/cm i
T
\\ ..
S g \; bl et ————
X
—
—~—
loll
AV -
i
1013
1
i
™~ -
N
1015
HH-
T
IR
]
T
Doy wcle
108 10" 108 109 1010 101t 1012 1013 1014 1015
Wave frequency, ®, radians/sec
(b-3) Magnetic-field strength, 10% gauss.
(b) Continued. L mode; wave propagation angle, 0°.
Figure 11. - Continued. Phase veloclty as function of wave frequency. Astrom's model.

1016



Phase velocity, U, cm/sec

8

1012 —

———
I 1

.
e
Particle density,—— 1
n, Y 1013
ions/cm5 - — -
) T I
1011 L \ 10
I 11 [ W _— 1
10 T ‘
1 - \ “”—“—_\— -
\ . AN
\\
10t 1011
™,
N
-
[y
10° — 1013 —
A
vt
15
10
10° o :
107
108
‘ i .
T T el
i ©oq ; Cee - e
* T T
1o AT I TR W T RN
106 107 108 10° 1010 1011 1012 1013 1014 1015 101
Wave frequency, w, radians/sec
(b-4) Magnetic-field strength, 10° gauss.
(b) Concluded. L mode; wave propagation angle, 0°.
Figure 11. - Continued. Phase veloclty as function of wave frequency. Astrom's model.



84

R e RS @_ﬂt PR
e E e a AR S R e S e S
T B ik S ‘
ﬁ il T T T
cEEas e e e et e i
O L1 1 0 A | A 11 B
Hﬁw,li%4ﬁﬁbj4 M‘{Dju‘}IPAFJ%
S e e e
. I A S S S 1 I I S H H ————tHH
| P i WL¢ T 1

) S

—

¢__,L_&Particle density,
H—t—
i

) il

T

1012

et
15_T4_FfB+h\

‘AL(lLJ‘_*TF

s

T
i 10

8
il

1032

GoSi B

L

-
1
I

3

s
ions/cm

o 6 0
1 !

T
i
1
N
!
i

|

-

SR B

e

1
.

]

T

T
R
e

o
NI

-

T

T

IE
1
I

N -
T N
jﬁ L
Fw,.wﬁ EEE Sl Ee i
- i A — T T
QR 08 1
DO O
g % % B
w — ~

%P—~

-

l
R

|
101t
10+3

T
i

R,
i
.
‘

-

I
}

o

y;f_

'

l015

Lo
|
T

|
+

i
I

B

R
=

P

vas/uo ‘n ‘L2 100T8A @sBUYG

1015

Wave frequency, w, radians/sec

107

107

108

hJﬁ ‘ 4

\l!‘g H 1 3

Hu}% T .

b

eSS s RN
il

105

(c-1) Magnetic-field strength, 10° gauss.

(c) R mode; wave propagation angle, 0°.

Phase veloclty as function of wave frequency. Astrom's model.

~ Continued.

Figure 11.



S8

Phase velocity, U, cm/sec

101'&

1l

10

1010

10

108

10°

o o

8 - EARRU S S i S

rarticle Jensity, 227717

o)
1on/cm®

[ -

T ce

e Mcinnll g

RN

i

H

10

1610 1011 10t2 1013

Wave frequency, «, radlans/sec
(¢-2) Magnetic-field strength, 10° gauss.
(¢) Continued. R mode; wave propagation angle, 0°.

Figure 11. - Continued. Phase velocity as function of wave frequency.

1014 1015

Astrom's model.

1016



86

- b1 4o F r
IR L
HA At ‘ T ]
e | |
ARy i
Ha | -
I.MH - m RiRE phE
A L 11 ] -
3 _L\ s iz
1T P j. mluuylm T S r
i B} | | VT L
1Ny N
!

AR
+

R sl
|08 W R —
ot
= 1
£ M
s "s 4
o Q
’/
]
i _
Fto od=
I - o
M —
[ S
il «©
29
N
—
(o]
—~

- .

1011

1010

o Q.
(o] [@]
— i

09s5/wo ‘n ‘£3100T3A 9SBUJ

107

1016

umn
—
o
—
i - J
| <
o
. r— ]
. = 1~
t AVV - A
] L ]
ﬁ i
_ -
|
P i ;
1 i
] 9
R e
_ 1
]
A ]
i =
P .
o N
| —
+ (@]
| =
!
t 1
|
, . L
| i
| 0—
O =
, 3 _
—_—t —J—
H 1 =9
1 - [H
o]
—
! - o
1 f —
T L
(2]
O O o
i ]
1 i
i
11 b @
S cEo S Mt I
THHTTT
) LT
~
— 3T E - o
— 4H —
= A
TN
J A BN B -
w
b, . [@)
(o] [Fo R
[e] (@]
— —

Wave frequency, w, radians/sec

(c-3) Magnetic-field strengwn, 10% gauss.

R mode; wave propagatlon angle, 0°.

(¢) Continued.

Astrom's model.

‘on of wave frequenc .

Phase velocity as func*.

- Continued.

Figure 11.



L8

Phase velocity, U, cm/sec

1012

Particle dersity, S

n, - T

— +ons/c® —- 1-11
ol - —- [Flols :
oo T o TT - 1 ]
i — —- - — __4:*;;;1101}3
11 IR =
10 IS 0 AN
1010 HH i~ TN
1013 \
T = —
el T
1015 —
108
107
106 —
1
X ‘ ce — I I
B 1 O 1 1 T b S LA |
10° 107 10% 101% 101t 1012 1013 1014 1018 106

‘Wave frequency, w, radians/sec
(c-4) Yagnetic-field strength, 10° gauss.
(¢) Concluded. R mode; wave propagation angle, 0°.

Figure 11. - Continued. Phase veloclty as function of wave frequency. Astrom's model.



88

\

T

|
H

1
1016

L
1015

iwms

T
T T

E

+——

1AM

1014

T+

|

o

T

'

il
o

1
T

T

11T

T

o8
Rl

[=}

=

N . {

T
IR

—
—

|

T

T

+—t

T

¥4,1,

I
1013

T

i
1012

s
e

F101l

loll_lﬁ 1
i

L

+

T

Particle density,
n’

T N
] %;llll_l'

T

0 0

_H_'

3
T I W W

/cm

lons

t
1
e
i

RN

i

B (P A N

[

1 [
H

L

rr—— et
:
;

|

L

o

il i NI,
1 il _

1011

.

[

T

+—

'

T

|

11

WALt

1y

1010

109

[l:
o

108

|

1012

]

"y

1011

|

r
i

_

|

1T |

1B ieE

e
O O A

ot
T

1

107
108

oss/wo ‘n f£3100TaA 28BYJ

107&:

M S e e
LT e e

i
107

108

Wave frequency, w, radians/sec
(d) S mode; wave propagation angle, 90°.

(d-1) Magnetic-field strength, 102 gauss.

Phase velocity as function of wave frequency. Astrom's model.

- Continued.

Figure 11.



1012 e o
o T —
Particle density, R
o = 1
_ tons/emd e e
' ' 1015
1011
lolO
(s} S [
Q
<
9 e e e e
E 10 o=z e
=Y ~; IS
3 \\ R
S e
5] i
3 I
= 108 o
o 10
2
A
& \
|
1]
107 1013
ANl
\
[
11
i 15
106 10
; i ; . ) . X i
" Iy H i
N RS R N B AT N R i
LT LU LTl SETEOROF 1 LT
10 107 10 10° 1010 101t 1012 1013 1014 101° 1016
Wave frequency, o, radians/sec
(a-2) Magnetic-field strength, 103 gauss.
(d) Continued. S mode; wave propagation angle, 90°.
Figure 11. - Continued. Phase velocity as function of wave frequency. Astrom's model.

68



06

Phase velocity, U, cm/sec

1012r T e e i i e B 0 sl i i i o o St sl S el et - _.L LALI Sl S . D e e
e e PR | S AT e EE==
! 1051 5 i L L s 0 s S DD 4 * . SiTrn [T .
Particle density, -+ iy - [ ..e‘ll}A T I
o T
e — ions?cm3 e e— 15
ARSI ( 10
+HH— - R A
1011 L e
S~ —,
1010 -
1011 —
1 N - N
it \
109 - \'1 htd Tz P e a—
1013
Lt
asl| AN
o \
108: 515 l s
N
\ _
107 =
10% - e ———
®ey Wy oo
[
105 il | I e
108 107 108 10 1010 1011 1012 1013 1014 1015 1016

Wave frequency, w, radians/sec
(d-3) Magnetic-field strength, 104 gauss.
(d) Continued. S mode; wave propagation angle, 90°.

Flgure 11. - Continued. Phase velocity as function of wave frequency. Astrom's model.



1012

L ——— -

Particle density, —-— S ~ -

nJ
1ons/cmd

1011
.
T
T
IRERE
101t
1010 !}H! +
1013
h\
1
(o] ————— —_—
[0]
< ]
g 102 immna: et = e e idls gl
. 1015
jen)
- \\
>
o \ I
=
5 \ 1011 1013
o
> 108 I
®
n
@
£
[
107
108
L i | b
; ! ; L I ;
f i I
Y (l)ci — ! H Woe
I H B
105 || ‘lll L ' }JIH Il
108 10 108 109 1010 101t 1012 1013 1014 1015 1016
Wave frequency, o, radians/sec
(d-4) Magnetic-field strength, 10° gauss.
(d) Concluded. S mode; wave propagation angle, 90°.
Figure 11. - Concluded. Phase veloclty as functlon of wave frequency. Astrom's model.

T6



26

Group velocity, V, cm/sec

101t AT F—
R — e
Particle density,ll :
n, +
: f tons/cm3 = i t =
: et 1 Va A A RN
| |
i : [ [ [ |
100 / i
| 1
1043 o5
109 1011
108
107
108
Il
,
wce
\
105 h
106 10’ 108 10° 1010 1011 1012 1013 1014 1015 1016

Wave frequency, w, radlans/sec
(a-1) Magnetic-field strength, 102 gauss,
(a) L mode; wave propagation angle, 0O.

Figure 12. - Group velocity as function of frequency. Astrom's model.



e6

Group velocity, V, cm/sec

1012 ——

in— T

T
ima T

—
1]
il S S G
IR il 17

T Particle density, __

e ————— n)
1ons/cmd
1011 e P
1010 e 1011 K — —
1 — 1013: ,t -
— T AT T
1010
+ ——— _———
109} ] |
=aall
hlo\\j_
N
N\
: \
10 t
Z1013 E ;
—~t—
™~
N
107 \\l , ;
F101® %
—~
R
106 \% | L ; ]
A T T 1
L T
L 1 1 I IE
|
. \ \
! L mcei l H ;\ . 1
w,
o | T A AR
108 107 108 108 1010 1011 1012 1013 1014 1015 1016
Wave frequency, w, radians/sec
(a-2) Magnetic-field strength, 10% gauss.
(a) Continued. L mode; wave propagation angle, 0°.
Figure 12. - Continued. Group velocity as function of frequency. Astrom!s model.




e

‘ | £
~ L ! o
! |
Sl | |

1 0

r% 1 H 1] w k..lw
- St
SN R iR | R
L1 1 j W } | o
. I 1 o i i i

i _ “, h o

g e EN . ; ‘o

- m 140 ‘ 4 T ! SRS Ml
- L] o oy

' S M i i f
1

1
T
B
= e
i
—
T
1

VS

]

T
T
IR
Particle density,

T I TTT

A i
A i o .
% I ~
- - H + 44 T 1 |
]WVM_ . ulw e [J%‘Hl; _ T fo- % m
=T 1= s ST
—— H 4 - —44 —— 1 1
—+— + it 4— — |- \* 4
F— e Tt + t tt L ,
—+— + f+k 4 ﬂ N o4 —-— -
ZW , o ﬁ ! | i i
Bty e
. o f | bt
=] RN ' ' ﬂw |
5 AT T £ = o S e I 1] tE 1
ot o] Do e i e S - T
ﬁw. AN T

T

——— 4

T
|
|
1010

il

Astrom's model.

L mode; wave propagation angle, 0°.

Wave frequency, w, radians/sec

)
T

T

T

'

=

(a-3) Magnetic-rield strength, 10% gauss.

Group velocity as functlion of frequency.

s o}

'
B e e B e

LT R
]
T
f
|
f

. Y : :
Q(A._*._.___.j_-r—#h‘_._wg,+_¢44_. :
[ S N i
1
S
I

10117

B
L

B
P
i
t
t
—
4
L
L

1
i
|

cl

108

1013

o
—
= ) L o
1 I | L L L VAN Gl L 4]
8 s e 5 e o G o — g - 1 e I 1A
s P11 98 % o el A o 1 1 T
150 S U I I B L 4 [+ AL 4
T ] 14 T 4
1 Hinei | 1] _
- L mn -
—
@]
_ 1
B L ! Lo 0 B
— (o] (o)) @ o~ [{s]
nl/_ i — (@} [} (e} o
o o < — — —t i
(=l — —

des/wo ‘A ‘£3100Tea dnodap

(a) Continued.

- Continued.

Figure 12.



S6

Group velocity, V, cm/sec

1012 — T R

= e == : =caai
T T T [BEROR R P S R
~ T T T T T Particle density, .
o e e e n, e —
1ons /o
e Bomse — ,
tl
1011 T S :
w ™
10 i i
10 — %'1" T t
[ S
109 i
108 \'". o .
‘1 - -
| T T
107
] A ——— -
108 — e =
) Tt : ' - ; :
1 T’ T ! ,éca o i Lo 0 T !
10° Ll [ l['“lt_ | lng Hl bl t l' L T FJL | ‘,ll‘ ‘ ‘ ‘ ”\H
108 107 103 109 1610 1011 101z 1043 1014 1015 1016

Wave frequency, o, radians/sec
(a-4) Magnetic-field strength, 10° gauss.

(a) Concluded. L mode; wave propagation angle, 0°.

Figure 12. - Continued. Group veloclty as function of frequency. Astrom's model.




11T eyl

2

"

1T

SEls

S
=

Particle density,
n,
1ons/cm®

[l

T T I3
T
T
11 1]

N

.
T
I
-

—
!
T
T
T
‘
I
0
t

Y W
v
Ay
Y

|

I

H 4

t

L I

N |
o ———— i

T

L]

=
4%:
10157
T T
I

1Oll

98

1019

\

ol
| I
Plal

-

N 5/
=
(o]
—

oas/wo ‘A ‘A3100T2A dnoap

AT AN
2

PO e

w
o
—

us

10

L4

i

104

lo10
Wave frequency, u, radians/sec

10°

108

1016

1015

1014

1013

1012

104t

10

10°

(b-1) Magnetic-field strength, 102 gauss.

(b) R mode; wave propagation angle, 0°.

Astrom's model.

Group veloc;ty as function cf frequency.

- Continued.

gure 12.

1

Fi



Le

Group velocity, V, cm/sec

1013

T

T
1 I

Partic

ions/cm

T
1
11
]

e density, -

n, 3

1012
11 _
10 1 e
o - L
10 /\; _ r/
\ l013
\
i
// \\ H !
10
/_\ { 1015
109 = \—
A T
1
.
\!1011
/ \\
‘/,/////"—ﬁ\\\\ N
13
3 10
lo o ‘\\
\
Y
1
— ‘\
107 "’Tﬁ/////
=t
. |%015
I
l I N T 1 A
108 107 108 109 1010 1011 1012 1013 1014 1015 1018
Wave frequency, w, radians/sec
(b-2) Magnetic-field strength, 10° gauss.
(b) Continued. R mode; wave propagation angle, 0°.
Filgure 12. - Continued. Group velocity as function of frequency. Astrom's model.



86

Group velocity, V, cm/sec

1013

1011

1010

e S = e
I i T — T T
‘ oS S— — jSaat “Tparticle density, i 1 1F P
; PR REDS - n, ——— i
— 1ons/cm3 e ' ‘
I TJ[ I — ——— =

107
108,
107

Woy e e — ———-

_ il || . _
108 10’ 108 107 1010 1011 1012 1013 10%4 1015 10t
Wave frequency, w, radlans/sec
(b-3) Magnetic-field strength, 10% gauss.
(b) Continued. R mode; wave propagation angle, 0°.
Figure 12. - Conftlnued. Group veloclity as function of frequency.

Astrom's model.



66

Group velocity, V, cm/sec

1012

T —
T
T Il F T
Particle density,
n)
- - " 1ons/cm>
1011 _
s e
=t
11 T 11
10 oY 10
1010 HH! / | /—\\ /
13 — = - YT
10 MSai 7
- S AT 0l
~ ORI | N e
_ . U | NI VDR S Vo B
109 1! /: i S— — - I —_—-IIim E——
1015
i
_ . 1015
108
107
10°
f
}
‘ i |
Pcy . H ) i ®ce )
1 A T
108 107 108 10° 1010 1011 1012 1013 1014 1010 1016

Wave frequency, w, radians/sec
(b-4) Magnetic-field strength, 10° gauss.
(b) Concluded. R mode; wave propagation angle, 0O,

Figure 12. - Continued. Group veloclty as function of frequency. Astrom's model,.




00T

Group velocity, V, cm/sec

12
10 . . . ; S
i i e ==
I} ' | ! L
’ Particle density,” ] _ i
o ‘
+— ions)cm3
T
10tl —— ——
J I -
e s e e
1011 1013 ?10}% -
1 i
10° ——- e — — e
108: 511
1011
~ T
\\ |
y \
107,513 1
— 1
1
1
Y]
i}
10811415
~
\
\ i Pee
10° \= ”
108 107 108 109 1010 101 1012 1013 1014 1010 1016

Wave frequency, w, radlans/sec
(c-1) Magnetic-field strength, 10° gauss.
(¢) S mode; wave propagation angle, 90°,

Figure 12, - Continued. Group veloclty as function of freguency. Astrom's model.



TOT

Group velocity, V, cm/sec

1012

T

T

|

e
o
=
®
o
(0]
=3
w
e
o

g

-

10tt
;o Pl
/ 1
1610 A\ / [ [ 1015
e
\% 1013
s Lo
10 T TIIIIir DIoo :?:'7jff_‘_‘H et
— 4__1011———410
‘\\ 015
\ 1013
108 Xi,ii
11ctl . =
~ R
A\ e
\ .
107 \
'%
NI _
\ e
\ o
\ bl
108 H1cls
1
il ]
i ‘ ‘
@ej ’ J‘Hj ®ee T A T‘
105 il L ot Sanm N ‘\I?H‘ e Lty
106 107 108 109 1010 1011 1012 1013 1014 1015 1016

Wave frequency, w, radians/sec
(¢c-2) Magnetic-field strength, 10° gauss.
c ontinued. S mode; wave propagatlion angle, .
Continued. 3 mod jon angle, 90°

Figure 12, - Continued. Group velocity as functlon of frequency. Astrom's model.




20T

Group velocity, V, cm/sec

1012 F =S = R R T
T = T 1 TIW | I‘I [1 {
T T P R I m
] | i T g | Particle density, [[[1T_ RN 1
| +
L |
T I i
1011--
= P Re —
1010 7
== —— —
S ——— — z
1028 T ”
107 —:le;:l:::::r oD I
1013 ==
—t I —
_ ] e
.
1084415 ,
210 1015
L |
‘ ..
107 }
£ :
I { : L
- !
106
— . S — r It [ S ] e
j T AL S 5 00 S L
- o | - ! . g R ; |
©ci b ; Wee : ;
10° H' . 1L ; .
10 10 10% 10° 1010 100t 1042 1013 10t 10%° 1016

Wave frequency, w, radians/sec
(c-3) Magnetic-field strength, 10% gauss.
(¢} Continued. S mode; wave propagation angle, 90°,

Figure 12, - Continued. Group velocity as function of frequency. Astrom's model.



20T

Group velocity, V, cm/sec

10l2

— - R ————— i

:
i I S R 7

T T T Particle density, _

e e e ——— — ———— — nJ
tons/cms
10t = aa: o
e - il I A TS
s b et SRS & S § [ A
T I T Iz 10t =1013
T I N 15
11 T 10
W e (s
i W iva !
1013 ;110 - — :_015 ¥‘
1 N T - i
| \ ! |
Ay 101 |
109 [ . ,\Mgﬁ -
1015
man \\
1013 \
108 I )
I ¥ ebasasais
H !
10kl o/
107 —
108 s
‘ = - w
TR T S TRV AR NS WL
| LS REYI A R | . ‘
1 R RTTT T - T Rt (I T
108 107 108 10° 1010 1011 1012 1013 1014 1015 1018
Wave frequency, w, radians/sec
(c-4) Magnetic-field strength, 10° gauss.
(¢) Concluded. S mode; wave propagation angle, 90°.
Figure 12. - Concluded. Group veloclty as function of frequency. Astrom's model.



FOT

N
N

Bl

1 ="
} i
Particle density, - 7

n7 3
S 1 bl
ons/cm [ /

I |

102

N
Suiy

100 —

cm

2

!
Wave number, kj

1011

100

Wavelength, A,

I
ey

10t -

1010.

[

10-2

{’l‘{'

102

10-3
108 10 10° 1010 101 1012 1013 1014 1013 1036

Wave fregquency, o, radians/sec

10

(a-1) Magnetic-field strength, 102 gauss.
(a) L mode; wave propagation angle, 0°.

Figure 13. - Wave number as function of frequency. Wave propagation angles, 0° and 90°; simplified Ohm's law approximation.




cm

Wavelength, A,

w0ty LI 11T I

- y AN &
L Particle density, V4 /
1071 — - n,
1ons/emd
- 103i 1 d’ ,,"
. | Y]
i 1015
r 102£ //
100; r uREl
L
1015
- 101 / 1
s // - 1014 +H
o]

1

Wave number, k%
e

}I[I[

10 /
// 1013 —
— 10-1 Trrrd / *;‘
i // / 5;; :
[ ¥ N / 1012 / 4
L J 1013
— 10-2 o . /
- [ 7%? H ) / o |
L I “THH
ar B 11 /
109 Vﬁr jjj "1 10-/ ,_]1010
i V / ﬂ 1012‘
10-3 / / A AQ]ilJ, l ]__I_U . |
107 108 10° 1010 1011 1012 1013
Wave frequency, w, radlans/sec
(a-2) Magnetic-field strength, 10° gauss.
(a) Concluded. L mode; wave propagation angle, 0°.
Figure 13. - Contlnued. Wave number as function of frequency. Wave propagation

angles, O° and 90°; simplified Ohm's law approximation.

105



90T

A, em

Wavelength,

109

T
1
i 1
. | / yd / /S / W
w101 m—— s » - e
M 2 T Y Z.
p4 rd 7 £
- y4 7. 1 A
g 7 7 7 7 7
g G ya 77
5 VAT LY / /
: ! / S S/
& 100 vl » :
= /[, .4 - /1 I’
. Z 1 Z =z 7
y4 VA
—7 ‘ 7 7
/ L7 /
///// 1013r// ///
10-1 r / / /
— 7 —
£ 7 Z.
7~ i 7
/.
/ 1012 /
/ J / /
I
10-2 4444!§ A
Z Z
7 4
/ 7 /
oll/ 1010/
10~ 3/ M ]/Hm .
10° 10° 1010 101t 1012 1013 1014 1015 1016

Figure 13. - Continued. Wave numver

Wave frequency, w, radians/sec
(b-1) Magnetic-field strength, 10% gauss.
(0) R mode; wave propagation angle, 0°,

as function of frequency. Wave propagation angles, 0° and 900;

simplified Ohm's law approximation.



3

ions/cm

Particle density,
n)

- ————

T

10%

10-1

103

I manet

i
|

1016

-—

102

10°

—
o
—

— b

!

rimmm'/ it

HL V” . [
N ,///In,:
Iln d. ™,
N TS
N
ML N
N | NIIT
[ N
1// N
// ™N
:nle
AR /v/
IR=
o)
-ttt
o
[}
~
Iy ¢
23 ‘asqunu aazp
N IR R
S
=1

wo

N fysBuaTsnep

I
— =
— (=]
[ [ 1 —
-4
<
- I
1.4 i S
)
—
" (o]
A I —
o
SHH 4 —
IHH 1 —=f — 3
T 11 e
1 N i J—
- + — .
—4 + - J S
1 i I

—
r—
—
4 o)
T T
o
—
— e}
r-——
N —
R T
N lm“llr —~
// A//llll |
DN o
R IR = =
— w0 PR nwvu mM,;
e N Y i Y
//// = .
,/f ~
™
™
™~ ™
// 1] P Sm
1 ]
SNy
L p—
/VA
~
o
—
| ; o 5
q N
o o
— —
AN
aY]
o
—

Wave frequency, w, radlans/sec
(b-2) Magnetic-field strength, 10° gauss.

R mode; wave propagation angle, 0°.

(b} Concluded.

Wave propagation angles, 0° and 90°; simplified Ohm's law approximation.

Wave number as functlion of frequency.

-~ Continued.

Flgure 13.

107



1013

]
N
Nl s ‘
[ o
N P o
//// &
B N ./17 dH
L ,/ 1 . _
. / 1 —
r s~ % #
P T 1 H
N —
//llﬁlllll-l s
N 2 o
™~ g
| I - T .
—— ESR s g
I e s R T @
H -+ 2 - N =1
> ©
MmiT s T ] &0
o N - L - i W ©
M7 @ M~ o o o
£ = n O
Ot @ g % b — 7 O 1 ~N 0 —H
kel 3 — o
N ~ g =
o ea o® g
bt 2 H 1 t o® 5
H S 8 Ft o+ k=
H = - - 1 & &
T L B 1 & @
T & 1 r T i £
H @ 11 H- -~ D
Lo B | | 3 =
S 9
r B BB T 1l o ‘o
o o~
o T &
At FH 1 - R ox 1
L+ - = HH T14- AT o
S S M O T 1 30 G e [ o]
AN -] - 8 SR
™ N I H A o 1 L 1l « o
T~ B £
A B o &
™~ H M~ T || 4 o8
4 N N ™ 1] =
W] I : I T ™ ——~
N N ~ s —
T~ ™~ ™~ ™ )
™ ™ S 4 e O
T H HE -+ T H S ~
- i i S S SRR N . B
Ha —3 ] L i ik
—~ —
oINS JIRFNEIREN 5L © ©
= 1 = =1 — A
r»r S P A _
N N N N
™ I NN NN I
~ ™~ ™~ ~
|1 ™ 4N 44 P o m
- B S S ea s il 4 Ul Bl s~ s SR i /nm BRSS
T N N ia ] N ] N
) S Rl 43 > e Bjin.88 ] i 1
- N N H a i U N
~ /: | ~| /
L] HEH 1 Y
NN N NN
™~ ™~ 60
Y G
S e Re S K2 ) i v
o)
~ — — sl ~ S a —~
S casqunu saep
O S I NS | oloe bl Lol
o —
re) o)
2 A

108

107t

uo

‘v f‘ynBusTonBM

Wave propagation angles, 0° and

(¢} S mode; wave propagation angle, 90°,

- Continued. Wave number as function of frequency.

simplified Ohmt!s law approximation.

3

Figuge 13.
90



60T

Wavelength, A, cm

104 T 1 1
F A
101 7
1071 — 7
Particle density,
;o yall
1ons/cm /
L 103 y
I/ 1015
= 7
//
L 1014
102 samus! :
N 1 73
L /
ol 7
10% —
/1t
~ wm  10% / /
* y
- 7 147
. 7 7 10
2 / /
L. B
=3
B 5
[
m & 100 1013 /
[ = s yara
L it ya
101 7
/ /
/I, / ll
- 1071 7 f
7
-/ :
- 7 yil
L / ll 1013
. i
L 10-2 /
I AN
— Vs ra ] VAW
of 7 I 711
1090~ // Vi I
4= 10
/ hotL A+~ :;?
10-3 I H/ /Aoll 1022
108 10’ 108 10° 1010 101! 1012 10%3 1014 101° 1016
Wave frequency, ®, radians/sec
(c~-2) Magnetlc-field strength, 105 gauss.
(c) Concluded. S mode; wave propagation angle, 90°.
Figure 13. - Concluded. Wave number as function of frequency. Wave propagation angles, 0° and 90°; simplified Ohm's law approximation.




110

\
ant

;
= mmm)
—
——

=
= HigRE .
—
@
—
s £ o
g O
(o} L
E O
o o 1 -
0 ol [ A .
2 o L
| g - 4 ‘
o —
) I
©oE
21 -~
<< 2}
I

1016

1015

1014

1013

10l2

1011

/
|

vl
H [
/111
WI....
- ~
L l::ll
/1 /nuﬂ]ﬂ
- .”.A " SR S §
- N . NS - —
- N 1
™ /mnnmmul ] m E
| y// NN IHW”WI 1 r
h ; AN R et
| N TR
- Ui d b L N TN T T -
a0 , W N T
o e e NG M //..
N Ny
- N N R
f N N H
N LT I PN
AR I 1 SRR HINRAN
by N
2T N /x
T N =
I N

i
f
|
[
|
t
1
i
!
I
|
|
1
:

7
"
}
1013
f

Jem®

ion

I m e
T

Particle density,
n

— Q
[e] [=]
=1 =

10%
103
102

wx ‘Ioqunu 9ARM

. L ,_____ I [ BT |
—
1
(o]
P

10°

wo ‘v ‘ysBusToABM

|

=

1 11
jollf—10

—

AT

L

IV

1013 A4

+

1010

107

/

106

1073

Wave frequency, w, radians/sec

(a-1) x-component.

(a) Magnetic-field strength, 10° gauss.

Wave propagation angle, 10°; simplified Ohm's law.

- Wave number as function of frequency.

Figure 14.



1016

1015

1014

Simplified Ohm's law

|

— ———Astrom's model

i
Vi
|

Vi
-
|

E

|

|

|

|

Wave propagation angle, 10°; simplified Ohm's law.

1013
Ll
=101

Z
7217t
y
53

Tl

T
I[LL
16137
e S
-
1
|
AN
71771
—H-
17
L
|
]
|
|
T
|
!
It
T
|
T
|
-
}
!
I
¥
F
|
¥
I-.
1
|
T
:
|
1olt

/

N e

Magnetlc-field strength, 102 gauss.

(a-2) z-component.

Ll & 1]

™

1011}

Wave frequency, ®, radians/sec

/
1010

i
7
/

UH

Hint

1011

(a) Concluded.

1
I
/

i
1013
/
#
s
7
7
!
/
va
7
!/
Wave number as function of frequency.

:f

7

/7

/

/

7

M
1¢°?

4
y
/4
e
7
77
I
L

/
7
T

1T

—————
108
- Contlnued.

3
7
o
ra

T
T
T

a
107

4
T
I
I
i
1011
Flgure 14

——— e
[

Particle density,
n,
ons/cm
7

1325
A

10
V4

fo—

104
103
10°

— o]
(o] o
— [}

1071 —
1072
10-3

mx ‘Isqumu sARp

cor e a1 [ T B [ o
—~

-
102E;

1071
100
10

wo ‘v ‘yjBusToaBp

111




w
— — =
1eh FEL p | 5
_l\ s - " 1 {4
_ 50
& " .
- g 5
=2 T —4 H —
P . + [
[} m B »
N 9 3 a - +
e g - s :
H | 5} L4 - L o
m
P + 1 —— . B
g Py
e = < 3 &
[ % — Lo
-5 B s F— o R
1% 3 E = E ‘o
< =0 I - ~ g
T 1 Hr 11 5o
T - ] Z 3
T g
i _ © .-
- - i - [
| o O
—— - S K -
~ o
™ ! B ER
™ T b o —
i i E g ®
~ F 4 T
ST u - - e ®
0T -1 - Ht L o o
N T 1] 5§ 2
N || R - \\ 4 D
«
T TS 1 I o 5 9
AR — o
™ O o — [}
it - | — -1 ] 1
! 4 T3+ S h o a,
R g i e
+ ﬁu. T 1L @ S0
- +T 1 - 1 T I - =
i s 408 8
. — |+ T 5 SRS 0 I W T S S g 5 @
N~ 52 °
e B g — .,l = — — = S —rt 13 “H”llli et L ll.llll W. R an
— T T i o~ .
I L —U] R 1IN I = =
4 U -4 - - © 9 9
- . - -+ oo O
. “Y [T - S - 1 0 e e ‘/ - W V—A M m
L 1
BODRN N T 1T — I N L o -
// o~ 6
- T B [\ I em
44 [ . — H- -+ o' 1 (5] G
//I (0] £ L} (o)
L N I oo~ 3
1 ] T M1 T T 17 [ [
W ©
N o o et
] N = @ b
T 1 1= ™ =] o o
14 1. i vI/ A= S g
1 P 11 “ o
—HHTT ™ &
ARRE N — B e
|1 I | {. mu ©
i g .
JERISND & 3 T O I N S R A B T Tt Nt A \vf I P
I 1\ . FER-
(]
N o 5
Hidd4d R N b Il ~ m IS
O ToOMmMyEITT T - - o oo N s o
il RS a2 e (R IS = N ¢ §
I ] 9020 S G 11
({11 [ 11— ot [ -4 / I o=
3]
W] b 10 s
/ 5 o
4 4] I g 9
& 3
"5 2 5
S I M SRR (1T T Y O T 2 ey S [ Pl
= AT = S
- T - g : T B . - - = o
T I 7 1
B <
171 17T 4
®
1L S W
—1 B W - S k:
I T .y |3
w
A il o o 2
—
% 'S S g K 1 !
— — — ~ . m m m
wx fIsqunU SABM
I R R R R [ B A
— 4]
o = 3 3
o =1 = —
(=

wo ‘y ‘Uz FusToAEM

112




eIt

cm

Wavelength, A,

1071 —

Wave number, kg

10%

108 r— :
—_— +—o—J—-—t I T
RN I
g LN [
} . [l // ——— — Astrom's model
o ' /I l' /’l/ ———— Simplified Ohm's law
10 ]
T —
} 271
} - oL i
/ /’{[;
1
10 = =T 77 Bt —
yr4 RN E |
1 F A 0
H /4 S|
| A1
N Vi l .
i / L1
100 4 | .
’l i
g ;
Z ]
' ———
‘ -t
l 1/// Foog
101 ) » |
f 7 =ty
{ 7 T ]
/ 7 7
/ / [ e
[/ : { |
/ / L]
1072 e 1 =
l ’Il /l - LI oL T
C 77 1 —
‘ £ + L t :
; . - 4 — " ; } - ; 4 ! e
- T B R I R T Al T
10 107 108 107 1010 101 10 1013 1014 1015 1016

Wave frequency, o, radians/sec
(b-2) z-component.
(b) Concluded. Magnetic-fleld strength, 104 gauss; particle density, 1013 1ons per cubic centimeter.

Figure 14. - Concluded. Wave number as function of frequency. Wave propagation angle, 10°; simplified Ohm's law.



7T

S

— —-—— Astrom's model

L

Simplified Ohm's law

T

1011

|

T
1.7
17

7/

=

=013

1011

1Oll

iy

= —

|
us
mugat

e it

lo12 1013 1014 1015 1016
Wave frequency, w, radians/sec

loll

1010

109

108

(a-1) x-component.

(a) Magnetic-field strength, 102 gauss.

Wave propagation angle, 800; simplified Ohm's law.

- Wave number as functlon of fregquency.

HH \
e = //
-
Hii w —_
[ ////
T £
© 3 §
- T N
B o d ot — N
0o s N
0T - <2 N
-
e A
L @ U
i i
|
%— h — ,
L v | -
) 0 o -
=} o =}
i 2 = — —
wz ‘Ioqumu dABM
t | [T B ,_ | ¢ | T Lol
o —
i &) o
o =1 =
~

we Y ‘Yt FusTIABM

114

Filgure 15.

107

//loll

T

108

1072

102



STT

cm

Wavelength, A,

10~ —

Wave number, k%

4

lO'_E: |t_j|._.l.u:i. j‘rt T ; :i o = - 1" 11’ ’I.n T
— Particle density
= n 5 ’ 10%3 101t 10151—‘ // [/ L/ ‘:’
— ong/cm ;
! A ; |
+ - | l/ , i
+ YA AR ,
| | DAV |
108 —+ ! |— S/ T e
J_L— — AT I Sneny F o
- it - 4 Y § P
| ! 1 ]/ /
% | A 7
o 44 /.
2 ’ | | | / | // I .
10 o 1 1 maw iA,/ 7 =1+ i
T :
T 7 D 4 II T T +
T 7 ! B 7 ! T
‘I[ 7/ T | 11
H A 4 / 1 ] Il
! / | 7—; / ————Astrom's model
' Simplified Ohm's law
1 — / I / | /
10 FoE : = i e —t -
7] r4 1 oz T y/a
7 Z i 7 1 /s
i i 7 L—/
N s H— !
77 i a—/
1013 li |/ |/
100 LA 1 ff by
i —A— Ff
77 7T LA e S v
77 71 FANT N 11
Z A 7 1§y =10
7 7 7
A -+ A VA
{ J108 / | / i ‘i |
10-1— 4 | 4 I Il
7 ! —7 —
7 1 ya
7 f 7 I
7 7 7 —1
/ / d [
/ / / |
[ ¥
» / / |
10 7 f——r—
7= 7
7 Z
10137 4
11
710 =
/’/ e ; l ; } l . ; —y bty
. ’ B ! ‘
1073 I Ll Lt el b LTI 1] L
108 107 108 10° 10t 1011 1612 1013 10t 1015 1018
Wave frequency, «, radians/sec
(a-2) z-ccmponens
(a) Concluded. Magnetic-field strength, 10° gauss.
Figure 15. - Continued. Wave number as function of frequency. Wave propagation angle, 80°; simplified Ohm's law.



116

1016

| : - —HHT T ==
D e R A S G R — 1T I —1T—
W N
bt 5
2 H - St =
~ 1 ——— 1T L ]
3 B el e
g o L ] —
o g W
=] P
(] — .AI»._
52 ] N
2 n =+ -
B REN| 11 — 11
e | g 1] T T
T _ # 1] L .
i ! il it L W
(2]
i — L..MHIH - 113 = HH L,JJ H*w‘\ ﬁ e 1T W -3 lm
i — i I T ;w.x,.‘,\mm,i,,., -
III - I I 1) - Y S SR
= l o
I - P 2= llnm_l* lO %
= I T 1] TT T =
N A RN — - g
T I B
— IT17 gy 1] ] @
1 4t a1 = 8 A1 I
T+ —r O, S ] -
A == — —— lt. 8 —HHEET S R
< O | T
N 6 S 1 1 I | Ll Ll =
_ N lf..% # wa 1]
LN 9
"~ )
H 5 I O £ £ I.‘.my.ﬂ/,f o e el < & R * HHT T - -] mm
M B 1 e S L £ O O
: ] T F T - ] )
I T IR
1M I .
I i U f Ill{‘uuvfufr‘u”fllllr‘v NITTT 1.1 I vﬁr m
f +—1—-- [%Huxlwww.xln ,anﬂﬂlw = A
i it elER R R RS s C WS S ER |
[ 1 ™. _ | S - L
) RN N il |
L1 lA II/
- - . (il ‘/ AQUO
T BH T = = SR
. ﬁu%wll/ 0 4 A ol 0 =~ il T SUB
W I B L TS T T TN
i Ll Ll L] ) ,//// ™~
R _ 1. (I/r 70
5 e I e e T e — . -
i — R T HF T ] TN
4 L1 . L 4 AN . 3
AR N A [N
o
i | L o
b=

10% —

[e}
=

102
10t

Mx fJoqunu 9ABM

Lo o U ot e |
OO 10
— —

wo ‘\ ‘yjBusteosep

1072

102

(b-1} x-component.

{b) Magnetic-field strength, 104 gauss; particle density, 1013 ions per cublc centimeter.

Wave propagation angle, 80°; simplified Ohm's law.

Wave number as function of frequency.

- Continued.

Figure 15.
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